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toolbox

1. Toolbox

1.1. List manipulation

Make sure the list has only one element and take it:

In[1]:= Clear @only ; only @{x_} := x
- 1= only @ {1}
only @Range @3
ouf « = 1
ouf - - only [{1, 2, 3}]
Create indexed rule list from vector:
In[2]:= Clear @ threadRule ;
threadRule @r_ := Thread[Table[r;, {i, Length @#}] » #] &
- - threadRule [Rl@{a, b, c}
ou- - {Ry » a, R, » b, R3 » ¢}
Inversely:

n - - Last 1@ %

our- - {a, b, c}

In[4]:= Attributes @hasNegativeElement = {HoldFirst };
Clear @ hasNegativeElement
hasNegativeElement @ listl_List := SelectFirst [Unevaluated @ listl, Negative , (}] == {}

Exits as soon as possible:
n - - hasNegativeElement @{1, Print @hello; 2}
hello

ouf - - False
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i - - hasNegativeElement @{-1, Print @hello ; 2}
ouf - - True
Strictly Upper Triangular matrix reduction:
SUT = MapIndexed [Drop[H#1l, only @H2] &, Most @ H] &;
Clear @ SUTMatrixForm ;

SUTMatrixForm @ SUTMatrix : _List .. :=
MatrixForm @ MapIndexed [Join[Table[n, only @#2], #1] &, Append [SUTMatrix , {}]]

- - With[{matrixl = Table[10 «1i +J, {i, 4}, {7, 4}]},
{MatrixForm @matrixl , MatrixForm @ SUT @matrixl , SUTMatrixForm @ SUT @ matrix1}]

11 12 13 14 (12, 13, 14} o 12 13 14
21 22 23 24 o o 23 24
ouf « - { @23, 24y |, }
31 32 33 34 o o o 34
{34}
41 42 43 44 o o o o

Linearly rescale list between given values:

nf - J- w-ith[{'l.l = {10, 12, 14, 16}, min = 5, max = 8},
w-ith[{m'inl = Min@#, maxl = Max @ #},

#-minl

Composition [m'in + (max - min) &(*,Log[10 ,11]&*)] @ &

maxl - minl

]&@11
]

ouf - - {5, 6, 7, 8}

In[9]:= Clear @rescale ;
rescale [l1_List , {min_, max_}] := With [{m'inl = Min@#, maxl = Max @ #},

H-minl
Composition [m'in + — (max - min) &(x,Log[10 ,n]&*)] @
max1l - minl

] @11
n - - rescale [{10, 12, 14, 16}, {5, 8}]
our - - {5, 6, 7, 8}
n - - rescale [#, {5, 8)}] &@Map[Log[10, ] &, 1. {3, 30, 300, 3000}]
our- - {5., 6., 7., 8.}

With log scale:
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In[10]:= Clear @rescalelog ;
rescalelog [l1_List , {min_, max_}](+/; Select [l1,Negative ]=={}x) :=
rescale [#, {min, max}] &@Map[Log[10, H#] &, 11]

- - rescaleLog [{.1, 1., 10, 100, 1000}, {06, 1}]

ouf- - {0., 8.25, 0.5, .75, 1.}

1.2. Formula manipulation

In[11]:= Clear @ expandSum ;

expandSum [expr_, n_] := expr /. HoldPattern @ Sum[x_, j_]: Sum[x, {j, n}]

expandSum [Z kj Ry, n]
3

Outf » = Z kj R]

j
expandSum [Z kj Rj, 3]
b

Outf « J= kl Rl + kz Rz + k3 R3

expandSum [Z ki Ry, 3]

i

Out « J= kl Rl + k2 Rz + k3 R3

Inf12]:= Clear @ exchange ;

exchange [i_, j_] := With[{uk = Unique @k}, & /. {i » uk, j » i} /. uk » j] &
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n - - exchange [1, J][Z k; Rj]
j

exchange [, j]@P;
exchange [j, i]@P;j
exchange [1, k]@P;;
exchange [i, 2]@P;;
exchange [3, j]@P;;

Outf » = Z k‘i Ri
bl

out[ « ]= P J 9
Outf » ]= P g1
Out « J= P k j
outf « ]= P 23
ouf + = Pi3

simplify ::what = "Simplifying "1° "2 ° second";
simplify ::stopped = "Simplify failed time constraint ";
Clear @ simplify ;
simplify [0, _] := Identity ;
simplify [time_, label_] := (Message [simplify ::what, label, time];
TimeConstrained [S'impl'ify @H#, time, Message @simplify ::stopped ;
H]) &;

Factor monomial in rational fraction:

In[19]:= Clear @monomialCollect ;
monomialCollect @ variables_List :=
Divide @@
Through [Map[Composition [Total @MonomiallList [#, Flatten @variables ] &, Expand , #] &,
{Numerator , Denominator }|@#] &
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Inf ~ J:= W'ith[
{rfl = (1-k3P33+ks(-ksPa3P33+P2s(-14KksP33)))/
(k1 k3 P13 ((1-kz2P22) P31+ ky P21 P32)+kaksPa3 (P32 + ki (P12 P31-P11P32))+
(1-kyPap+ky(-kaP1aPa1+Pyy(-1+KkaP22))(-1+ksP33))},
With[{mcrfl = monomialCollect [Table[k;, {i, 3}]]@rf1},
simplify [1, "rational fraction "][rfl == mcrf1]

]
]

- simplify : Simplifying rational fraction 1 seconds

ouf - - True

i - monomialCollect [{kz, k3}[(0.42 + K (-0.40 +0.38 k3) - 0.40 k3) /(0.85 - 0.93 k3 + Ky (-0.93 + 1. k3))]

0.42 - 0.4 ky- 0.4 ks + 0.38 ko ks
out[ « ]=

0.85 - 0.93 ky - 0.93 k3 + 1. ko ks

tetrahedron

1.3. Regular tetrahedron

nessj-  tetrahedronData = PolyhedronData ["Tetrahedron ", "VertexCoordinates "]

2 1 1 1 1

Out[286]= {{O, o, - - }, {— y T T
3 24/6 243 2

1 1 1 1

1
_2'\5}’{_2\/5’;,_2%},{E’O,_2\/E}}

nes7-  Graphics [{Circle {0, 0}, 1], Point @ Most /@ tetrahedronData }, Axes - False,
ImageSize - Small]

Out[287]=

nese)- EuclideanDistance @@ H & /@ Subsets [tetrahedronData , {2}]

ouzes- {1, 1, 1, 1, 1, 1}
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nesol-  Graphics3D [{Sphere[#, .1] &/@ tetrahedronData (x,{Opacity @.5,Sphere[{0,0,0},1]}},

Axes - True, ImageSize - Small, ViewPoint - {0, 0, 5}]

Out[289]= |

1.4. Numerical functions
Clear @expM; expM @ x_ := e * /3 NumberQ @ x
Clear @ XExpM ; XxExpM @ x_ := x @ < /; NumberQ @ x

Clear @ xExpM1 ;
XExpM1 @ x_ := XxExpM @Min[x, 1] /; NumberQ @ x

297 XEXpM @ x == xexpM@x /. x » .123
ou2e7]=  True

neos-  Plot [{XExpM @ x, XExpM1 @ x}, {x, @, 6}, PlotLabels - Automatic ]

0.4
[ xExpM1 (x)
03|
outzosl- 02|
0.1
) L XExpM (x)
1 2 3 4 5 6

Plot a polynomial fraction, taking only some branches:
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Attributes @plotBranch = (xlike Plot :%){HoldAll};
Clear @ plotBranch ;
plotBranch [expr_, {var_, min_, max_}, branch_,
(xconvention : use option for sequence , options for list,
the plural s meaning Tlist ofx)
option : OptionsPattern []] :=
Plot[expr ,
{var, Sequence @@ Through [{First, Last}@H#] &@
Flatten @
Take|
Partition [
{min, Sequence @@ Select [var /. Union @NSolve [Denominator @expr == 0, var],

min < # < max &], max}, 2, 1], branch]}, option]

X+ 1
n - = plotBranch [ , {x, 0, 3}, A'Ll]
2x-1)(x=-1)"2(x-2)(x=-2.3)

PR B \\\\?~
2.0 2.5 3.0
X+ 1

- - plotBranch [ s {x, 0, 3}, {2, 4}]
(2x-1)(x=-1)A2(x=-2)(x=-2.3)

100

50 -

Out[ » ]= L
T

. I
L 0.5 1.0 1.5

-50 -

200

150

100

ouf+ - 50

1.0 1.5 2.0

-50

-100
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-0.85 +0.93 k2

- - plotBranch [ » {k2, 0, 1.2"}, 1, AxesOrigin - {0, 0}]

-0.93 + k2
0.8 -
0.6 -
out « ]= E
04 -
0.2 -
L L L 1 L L L 1 L
L 0.2 0.4

Numerical error as may be used by FindRoot inferred from the Mathematica documentation of FindRoot and AccuracyGoal:

In[26]:= Options @almostEqual = {
AccuracyGoal - WorkingPrecision /2, PrecisionGoal - WorkingPrecision /2,
WorkingPrecision -> MachinePrecision , MachinePrecision - $MachinePrecision };
Clear @ almostEqual ;
almostEqual [x_, y_, option__ : OptionsPattern []] :=
Abs[x - y] < (10 A -AccuracyGoal ) + Abs @ x 10 *-PrecisionGoal /. {option}/.
Options @ almostEqual

i - - $MachinePrecision

ouf - ]- 15.9546

n - - almostEqual [160, 100.0000001 , PrecisionGoal - Infinity ]
almostEqual [100, 100.00000001 , PrecisionGoal - Inf-in-ity]

ouf - - False

outf - - True
n - - almostEqual [160, 100.00001 , AccuracyGoal - Infinity ]
almostEqual [100, 100.000001 , AccuracyGoal - Inf'in'ity]

our - - False

our - - True

- - almostEqual [100, 100.00001 ]
almostEqual [100, 100.000001 ]

ouy - - False

ouf - - True



1.5. Numerical equation solving
What is really the FindRoot error function?

There is no symmetry between AccuracyGoal and PrecisionGoal even though Abs@x==1:

info4= X /. FindRoot [x"2— 1.12345678901234567 *2, {x, .5, 1.5}, AccuracyGoal -
PrecisionGoal - Infinity ]/ NumberForm [#, {17, 16}] &

Out[104]//NumberForm= 1. 1237244333863730

wios- X /. FindRoot [x A2 -1.12345678901234567 A2, {x, .5, 1.5}, AccuracyGoal -
PrecisionGoal - 1] /I NumberForm [#, {17, 16}] &

FindRoot : The root has been bracketed as closely as possible with machine precision

exceeds the absolute tolerance 0.
Out[105])//NumberForm= 1.1234567890123460
Ignoring (omitting or setting to Infinity) PrecisionGoal yields a simple behaviour:

mni13= X /. FindRoot [x"2- 100.12345678901234567 ~*2, {x, .5, 1.5}, AccuracyGoal
PrecisionGoal - Infinity ] /I NumberForm [&#, {17, 16}] &

Out[113]//NumberForm= 100.1234726613452000
int14:= X /. FindRoot [x "2 - 100.12345678901234567 *2, {x, .5, 1.5}, AccuracyGoal
NumberForm [&, {17, 16}] &
Out[114]//NumberForm= 100.1234726613452000
- 1= X I. FindRoot [x A2-1.12345678901234567 *2, {x, .5, 1.5}, AccuracyGoal -
PrecisionGoal - Infinity ]/ NumberForm [#, {17, 16}] &
Out[ » J//NumberForm= 1. 1237244333863730
niisi- x /. FindRoot [x A2 - 100.12345678901234567 ~2, {x, .5, 1.5}, AccuracyGoal
PrecisionGoal - Infinity ] /I NumberForm [&#, {17, 16}] &
Out[115]//NumberForm= 100.1234567883280000
1= X /. FindRoot [x "2 - 100.12345678901234567 *2, {x, .5, 1.5}, AccuracyGoal
NumberForm [&#, {17, 16}] &
Out[116]//NumberForm= 100.1234567883280000
nt17:= X I. FindRoot [x A2-100.12345678901234567 *2, {x, .5, 1.5}, AccuracyGoal
PrecisionGoal - Infinity ]/ NumberForm [#, {17, 16}] &
Out[117]//NumberForm= 100.1234567890124000
nitig}= X /. FindRoot [x "2 - 100.12345678901234567 *2, {x, .5, 1.5}, AccuracyGoal
NumberForm [&, {17, 16}] &

Out[118]//NumberForm= 100.1234567890124000
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1,

Infinity ,

but the function value

- 0]/

- 411

- 15,

> 1511/
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mniie)- X /. FindRoot [x A2 - 100.12345678901234567 2, {x, .5, 1.5}, PrecisionGoal - Infinity]/
NumberForm [&, {17, 16}] &

Out[119)/NumberForm= 100.1234567890124000

iz X /. FindRoot [x A2 - 100.12345678901234567 A2, {x, .5, 1.5}] // NumberForm [, {17, 16}] &

Out[120)/NumberForm= 100.1234567890124000

Bisection

n - = Plot[-Cos@x + .8, {x, 0, 1}]

0.2

0.1

outf « J=

-0.1

-0.2

Alternative to FindRoot for tests.

In[28]:= Attributes @bisection = {HoldAll};
bisection ::nochangeofsign = "sign does not change, try other bounds";
Clear @bisection ;
bisection [expr_, {x_, x1_, x2_},
OptionsPattern [{AccuracyGoal - $MachinePrecision /2, sow » False}]] :=
(If[Optionvalue @sow, Print @only @Last @#];
(+like FindRoot :#){x -» First @#}) &@
Reap @
With|[
{sign = Which[LessEqual @@ #, 1, GreaterEqual @@ #, -1, True,
Message @bisection ::nochangeofsign ] &@
{ReleaseHold [Hold @ expr /. x » x1], 0, ReleaseHold [Hold @ expr /. x » x2]}},
Mean @With[{hook = If[OptionValue @sow, Sow, Identity ]},
NestWhile [
If[sign ReleaseHold [Hold @ expr /. x » hook @ 2] > 0, {First @&, H2},
{#2, Last @ #}] &[#, Total @ # /2] &, {x1, x2},
Abs[First @t - Last @ #] > Power [10, -OptionValue @AccuracyGoal ] &
(xNot@almostEqual [First @#,Last@#,option ]&«)]]]
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in2eg)- bisection [-Cos@Xx + x, {x, O, 1.5}, sow » True]

{6.75, 0.375, 0.5625 , 0.65625 , 0.703125 , 0.726563 , 0.738281 , 0.744141 , 0.741211 , 0.739746 ,
0.739014 , 0.73938 , 0.739197 , 0.739105 , 0.739059 , 0.739082 , 0.739094 , 0.739088 , 0.739085 ,
0.739084 , 0.739084 , 0.739085 , 0.739085 , 0.739085 , 0.739085 , 0.739085 , 0.739085 , 0.739085 }

ou2e9)=  {x - 0.739085 }

ngo0- bisection [Cos@y -y, {y, 0, 1.5}]

ouzoo)-  {y » 0.739085 }

Rational approximation of \/E :

nz01- bisection [x % x -2, {x, 1, 2}, AccuracyGoal - 20]

417402170410649030795

Out[301]= {X - }
295147905 179 352 825 856

nBozl= (X 1o %)N2 -2,

ou302)= 0.

1.6. Display
Gray level

Not all shades can be distinguished:
- - Row[GrayLevel /@ Range[0, 1, .05]]
Out - RN O O 0

Reduce interval so that all shades can be distinguished:
In[32]:= graylLevelInterval ={.3, .85};

n - - Row[GrayLevel /@ Range[Sequence @@ graylLevelInterval , .05]]

ou - NN O O

n - - Style [Disk[{®, 0}, 1-H], GrayLevel @#] & /@ Range [Sequence @@ graylLevelInterval , .05]/
Graphics [#, ImageSize - Small]&

outf + J=
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Display positive numbers with fixed number of characters and without scientific notation

n =10, A=5
10. A -6
10. A5
10. %6
ouf - - 0.00001
ouf- - 1. x107°
ouf- - 100 000.
ouf- - 1. x 10°

- - PaddedForm [10. -6, 7]
PaddedForm [106. *-6, 7, ScientificNotationThreshold - {-1, 1}Infinity ]

-6
Outf + J/PaddedForm= 1. x10

Outf + J/PaddedForm= 0.000001

- - StringPadLeft [H, 6] &@ ToString @ PaddedForm [99999.5 , 5]
StringPadLeft [H#, 6] &@ ToString @ PaddedForm [99999.499 , 5]

ouf - - 00000.

outf - - 99999.

n - - StringPadLeft [H, 6] &@ ToString @ PaddedForm [.00001 , 5]
StringPadLeft [H#, 6] &@ ToString @ PaddedForm [.000009 , 5]
StringPadLeft [H#, 6] &@
ToString @PaddedForm [.000009 , 5, ScientificNotationThreshold - {-1, 1} Infinity ]
StringPadLeft [H#, 6] &@
ToString @ PaddedForm [Round [.0000050001 , 1. « 10 A-5], 5,
ScientificNotationThreshold - {-1, 1} Infinity ]

ouf - - .00001
ouf - -« x 10
ouf - |- 000009
ouf - - .00001

n - - StringPadLeft [H, 6] &@ ToString @ PaddedForm [0.038018 , 5]
StringPadLeft [#, 6] &@ ToString @ PaddedForm [Round [0.038018 , 1. « 10 ~-5], 5]

ouf - - 038018

ouf - - 03802
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n - - StringPadLeft [H#, 6] &@
ToString @ PaddedForm [Round[0.638 , 1. « 10 ~-5], 5,
ScientificNotationThreshold - {-1, 1} Infinity ]

ouf - - 0.038

In[33]:= Clear @ constantLength ;
constantLength [x_, lengthl_Integer , option : OptionsPattern []] 5
StringPadLeft [#, lengthl] &@Which|

x 2 10 A (lengthl -1)- .5,
N

X > .5 %10 A(-lengthl +1),
StringReplace [H#, " 0." > " ."&@

ToString @ PaddedForm [Round [x, 1. =10 A (- lengthl +1)], lengthl -1,

ScientificNotationThreshold - {-1, 1} Infinity , option],

True,

||<"

- - {constantLength [.123, 6]}
{constantLength [.1234, 6]}
{constantLength [.12345, 6]}
{constantLength [.123456 , 6]}

Outf ,’:{ .123}
our- - { .1234)
our - - {.12345})

our - - {.12346}

Inf+ J= ROW[
Column @{DecimalForm [#],
Rotate [, Pi /2] &@Row[List @ constantLength [&, 6], Frame - True]} &/@
{.0000050 , .000005001 , .00001 , .00032 , .00321 , .0321, 0.038018 , .3, .377987 ,
1, 100.5555 , 1000 , 1000.5 , 9998.555 , 99999.499 , 99999.5}, " "]

0.000005 0.000005001 0.00001 0.00032 0.00321 0.0321 0.038018

v — — o~ — — I
ouff « J= o} o) ™ ~ N o)
5] S} o] ™ ™ ©
5] S} 5] ® ® ™
® ® ® ® ®
0.3 0.377987 1 100.556 1000 1000.5 9998.56 99999.5 99999.5

A

.37799
100.56
1000.
1000.5
9998.6
99999
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i - - With[{n = 5}, Manipulate [Row[List @ constantLength [10 *x, n], Frame - True], {x, -n, n}]]

x [}

In[35]:= constantLengthProbability =
With[{(+shift number point to the right to eliminate NumberPoint :x)srl = 2},
Which|
(xdon't display negative probability %)
Negative @#,
Style["<", FontColor - Red],
(xtoo small number => too long writing x)
H® < 10 A (srl - 10),
nen
True ,
Composition [Str'ingDrop [, 3] &, StringJoin [H1, (+"E",x)H2] & @@
Apply [If[#1 == " 100", {" 10", ToString [ToExpression @#2 + 1]}, {##}] &,
ToString /@ {PaddedForm [« 10 Asrl, {2+ srl, 2-srl}, NumberPoint - ""],
PaddedForm [H#2 - sr1, 1, NumberSigns - {"-", "+"}]}] & @@
MantissaExponent [#] &]@ #]] &;

(*10E-2%)constantLengthProbability [.1]

ouf - - 10-2

- - Manipulate [constantLengthProbab'il'ity [10 A x], {x, -9, 1, .01)]

)

35-3

Decibel bar chart

Reference dB==0 is first element.
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In[36]:= Clear @dBBarChart ;
dBBarChart [listl_, option : OptionsPattern []] :=
Composition [BarChart [First /@ #, option , AxesLabel - {None, "dB"},
BarOrigin - Bottom , IntervalMarkers - None, ChartStyle - LightGray ,
Axes - {True, True}, ChartLabels - Last /@ #, PlotRange - Al'L] &,
Flatten [H, 1] &@ Transpose @ Partition [Rest @&, (Length @& -1)/2] &,
MapIndexed [{(xdBx)10 Log[10, 1], only @ #H2} &, & [ First @ #] &]@ list1

i - - dBBarChart [{578.51 , 43.664 , 1043.6647 , 43.664 , 128.42832 , 453.812 , 453.81215 ,
453.81215 , 480.50}]

dB

X [ ]
zwswmsduw

2. Collision probability method for solving the integral stationary
transport equation

The integral stationary transport equation is discretized in space, according to the collision probability approximation, see [1],
ch.X, p. 181, with these assumptions:

- uniform properties of each region,

- isotropic collisions,

- monokinetic particles,

which yields a finite dimensional linear equation:

transport

In[37]:= transport = V.i i ®D; == Z P] 4 VJ (ZSJ' Q)J + QJ)
j

{1}

transport
ous7- Vi Zq Py == Z PjiVy (QJ + ISy (Dj)
j

with the all non negative

*V; the volume of,

3, the inverse mean free path or total volumic (per unit volume) or ("macroscopic") cross section of,

*®; the particle flux in,

s ; (zero for a black region) the macroscopic scattering cross section of,

*Q; the volumic spontaneous source in

region 1,

*P; ; the probability that a non leaking particle emitted in region 1 first collides (after rectilinear free flight) in region j.

Leaks can be represented implicitly by discounting the £s; and the Q; or explicitly by black regions. The collision probability is
normalized over the space partition, so that the matrix Pij (first index for row, second for column) is right stochastic [2]:
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probabilityNorm

In[38]:= probabilityNorm = Z Pij==1 @)
J

probabilityNorm

out[38]= Z P-ij =1
j

The P; j depend only on the obstacles that free flying particles see: the = and the geometry, not the q5, kj.

In {1}, eliminate any non reactive (X == 0) region and for each remaining reactive (£ # 0) region, introduce the collision rate
R == V £ @, the multiplication factor k == s /% and the spontaneous source q == V Q:

markov

In[39]:= markov =

3
transport /. H > Expand [H] &[VJ (sz 0] + QJ)] /. {V] QJ = 45, V-i Zi®; > R‘i’ VJ ZSJ' QJ - RJ k]} 31

markov

oufzo}- Ry == Z P;1(aj + kj Ry)
j

{3} does not describe directly the evolution of particle numbers, it is just a detail of the reaction number in region i, according to
all possible origins of incident particles.

{3} with q j==0 and k; == 0 is also Markov eigenvalue equation [2], so I will keep this name. The equivalent form of left (row)

eigenvector of the right stochastic matrix P is:
i - - markov /. HoldPattern [Indexed [P, ii_]* Plus[tt__]] » HoldForm [Plus[tt] Indexed [P, ii]] //
exchange [1, j]

ouf - - Ry == Z(qﬁ + ki Ry) Py

5

As a consequence of the monokinetic hypothesis, collision probabilities obey reciprocity, see [1], p. 182, 173:

reciprocity

In[40):= reciprocity = HoldForm [V Z;P;j == V;Z;P;;] {4}

reciprocity

Out[40]= V'i Z‘i P‘ij == VJ Zj Pj‘i

In particular, if two regions 1, j have the same total cross section V; 24 == V; Z5, then P45 == Py5. This is true with a uniform
mesh in a uniform medium.

Definition: a subset of regions {i; ...1 k} is disconnected (from the others) if for all j ¢ {'i 1. k}, P4, == 0. Then also by reciproc -
ity {4} P4, j == 0. A single disconnected region is such that P;; == 1. A subset of disconnected regions forms another problem of

the same nature so that it can be eliminated without loss of generality.

3. Markov eigenvalue equation

3.1. Construction
expandSum [markov , 3]

ouf - ]- Rj == P14 (q1+ Ky R1) + P24 (92 + K2 R) + P34 (q3 + k3 R3)



Column @ Table [expandSum [markov , 3], {i, 3}]

Ry == P11(q1+ ki Ry1)+P21(q2+kaR2)+P31(qs+ ks R3)
ouf - - Rz == P13 (q1+ kg R1) + P22 (92 + ko Rp) + P32 (q3 + k3 R3)
R3 == P13(q1+ ki R1)+ P23 (qz2 + ka R2) + P33 (g3 + k3 R3)

Straightforward manipulations

expandSum [markov , n]

n
Out « J= R'i == Z Pj‘i (q] + k] RJ)
]

MapAt [Expand , expandSum [markov , n], {2, 1}]

n
Outf « = R‘i == Z(Pj-l q] + k] Pj‘i RJ)
]

Reverse [MapAt [Expand , expandSum [markov , n], {2, 1}]/.
HoldPattern [Sum[x_+Yy_, z_]] =» Sum[x, z]+ Sum[y, z]]

n n

outf « J= ZPJ1qJ+ZkJ Pji RJ == R'i

] ]

SubtractSides [&#, #[[1, 1]] + Last @ &] &]

Reverse [MapAt [Expand , expandSum [markov , n], {2, 1}]/.

HoldPattern [Sum[x_+Yy_, z_]] =» Sum[x, z]+ Sum[y, z]I]

n n
Outf « J= _R'i + Z k] Pj‘i RJ == —Z Pj‘i q]
3 J

MapAt [

# /. HoldPattern [Sum[x_, {j, n}]] =» (x /. j - i)+ Sum[Expand @x, {j, 1, i-1}]+

Sum[Expand @x, {j, i+1, n}] &,
SubtractSides [H#, H[[1, 1]] + Last @ H#] &[

Reverse [MapAt [Expand , expandSum [markov , n], {2, 1}]/.
HoldPattern [Sum[x_+Yy_, z_]] =» Sum[x, z]+ Sum[y, z]]], {1, 2}]

-1+ n n
Outf ]’_R‘i"'k‘ip‘i‘iR‘i"'ijPj‘iRj*' Z kJP]'IRJ == —ZP]-lqJ
j=1 j=1+1i j

67.nb |17
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In[d1]):= markovl =
Collect [
MapAt [
# /. HoldPattern [Sum[x_, {j, n}]] = (x /. j » i)+ Sum[Expand @x, {j, 1, i-1}]+
Sum[Expand @x, {j, i+1, n}] &,
SubtractSides [#, H#[[1, 1]] + Last @ &] &]
Reverse [MapAt [Expand , expandSum [markov , n], {2, 1}]/.
HoldPattern [Sum[x_+Yy_, z_]] » Sum[x, z]+ Sum[y, zIll, {1, 2}], Ri]

-1+1 n n
Out[41]= (— 1+ k‘i P‘i ‘i) R‘i + Z kj Pj‘i Rj + Z k:J Pj‘i RJ == —Z Pj'i qJ
j=1 =141 j

yield a standard form for a linear system to solve:
i - - Column @ Table[markovl /. n > #, {i, #}] &@3

(-1+kyPr1)Ri+kyPa1 Ry+kaP3iR3== -P1191-P2192-P3193
ouf - - K1 P12 Ry + (-1 + Ky P2) Ry + k3 P3aR3 == -P1291-P2292-P3203
ki P13 R1+kaPa3Ry+(-1+ksP33)R3 == -P1301-P23q2-P3343

Extract the matrix and vector used for solving, depending on the solution method:
matrixForm

In[42]:= Clear @matrixVector ;
matrixVector [dim_, method - LinearSolve | :=
Thread [{MapIndexed [Coefficient [H#1, Apply [R: &, H2]] &, List @@ #], H2} & @@ & & /@ H] &@
Table [markovl /. n - dim, {i, dim}]

matrixVector [dim_, method - Solve] := {1, -1} matrixVector [dim, method - LinearSolve ] {5}
matrixVector [dim_, method - Inverse] := matrixVector [dim, method - LinearSolve ]

matrixVector [dim_, method - FixedPoint ] :=

{#1 + DiagonalMatrix @Table[1l, dim], -H#2} & @@ matrixVector [dim, method - LinearSolve ]

3.2. Solution methods
n - = MatrixForm /@ matrixVector [2, method - LinearSolve ]

‘{(—1+klPll kay P2y )(_Pllql_P2lq2)}
kiPi2 -1+ky Py -P12d1-P2202

n - - With [{d'im = 2},
Equal[H#1.H3, H2] & @@
MatrixForm /@ Append [matrixVector [dim, method - LinearSolve ], Table[R;, {j, dim}]]]

-1+kyP1y ka P22 )(Rl)__(_Pllql_PZlqz)
kiPi2 -1+kaPys /) \Ry -P1291-P2202
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- - With[{dim = 2}, LinearSolve @@ matrixVector [dim, method - LinearSolve ]]

{ -P11d1-kaP12P21 g1+ kaP11P2291-P2192 Pi2di+KiP1aPa1qa+Pa2ga-kiPr1P2202
Outl « ]= bl
-1+kyPri+kikyPraPo1+kyPoa-kikyP1i Py 1-kyPri-kikyPiaPai-kaPoo+kpkaPrgPoo

=% 1. {ky » 0, kp » 0}

ouf - = {P1191+P2192, P12q1+ P22}

i - - matrixVector [2, method - Solve]

ouf - - {{{-1+ ki P11, ka P21}, {ki P12, =1+ kaP2o}}, {P11d1+P2192, Pi2q1+Pazq2}}

In[47]:= Clear @markov2 ;
markov2 @dim_ := Identity [H1.H3 + H2 == 4] & @@
MatrixForm /@ Join[matrixVector [dim, method - Solve],

{Table[R;, {i, dim}], Table[ 0, dim]}]

n - = markov2 @ 2
o [T KiPir ko Pay )(Rl)+(P11Q1+P21Q2)__(0)
-l kiPi2 -1+ky P22 / '\ Ry P12q1+P2202 0

In[ = ]:= With [{d1m = 2},
only @ Solve [H1.H3 + H2 == #4, H3] & @@
Join[matrixVector [dim, method - Solve], {Table[R;, {i, dim}], Table[0, dim]}]]

Pi1di+kaP12Po1qi-kaP11Porqi+Pa1q2

out[ « ]= {Rl -> - )
-1+kyPryi+kikyP1aPoy+kyPoo-kyikaPraPao

Pi2qi+kiP1aPa1qa+Pr20g2-kiPr1P2202

Rz—)—
-1l+kiPrai+kikaP1aPor+kyPop-kikaPr1Poo

=% 1. {ky » 0, k, » 0}

ouf - - {R1 » P11d1+P21d2, R2 > P12q1+P230q3}

- - MatrixForm /@ matrixVector [2, method - Inverse]

{(—l+k1Pll ko Po1 ) (-P11Q1-P21CI2)}
ouff - J-
: kiPi2 ~1+kyP22 /" \-P1,0q1-P220q2

n - = Inverse @First @#.Last @ &@matrixVector [2, method - Inverse]/ Together

-P11d1-KaP12P21 g1+ kaP11P22d1-P2192 -P12d1-KiP12P21q2-Pa2qg2+ ki P11 P22
outf j,{

)
-1+kyPri+kikyPriaPo1+KaPoa-kikaP1iPos -1+KkiPip+kiKkyPiapPog+kyPaa-kikyPrgPas

Examine the inverse matrix:
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n - - Inverse @ First @matrixVector [2, method - Inverse]/ MatrixForm

-1+ky Pyy Ky Pyy
1-ky Pia-Ki ko Pia Pai-Ka Pag+ky ky Piy Poy 1-ky P1a-ki Ky Pia Pyi=Ka Paotky ko Piy Poy
Out[ « J/MatrixForm=
Ky Pis -1+ky Py

1-ky P11-ky Ky Py Pai-Ky Pyy+ky Ky Prg Poy 1-ky P11-Ki Ky Py Pai-Ky Pyy+ky Ky Py Poy

- - (Inverse @First @matrixVector [3, method - Inversel)[[1, 1]] // Simplify

ouf - - (1 = k3 P33+ ky (~kz P23 P3a+Pay(-1+ksP33))/
(k1 k3 P13 ((1-kaP22) P31+ kyPoyP3o)+kyksPas(Psa+ Ky (PraPsi—-Pi1P32))+
(L-kaPoo+ky(-kzP1aPa1+P11(-1+kyP33))(-1+ksP33))

i - - With[{dim = 3}, monomialCollect [Tablel[k;, {i, dim}]]@
(Inverse @First @matrixVector [dim, method - Inverse ])[[1, 1]]]

our - J- (L = ka Pao = k3 P33+ ky k3 (-P23 P3a+ Py P33))/
(-1+kyPr1+kaPoo+ ki Ky (P1oPo1-P11P22)+ksPas+ ki ka(P13P31-P11Ps3)+kyks(Pa3P3a-PaaPas)+

ki kz ka(-P13P22P31+P12P23P31+P13Py1P3o-P11Py3P3s-PiaPsy P3a+PryPyyP33))

n - - Inverse @ First @matrixVector [3, method - Inverse]/. {k, - 0} // MatrixForm

1-ks P33 0 Ks Py
ki k3 Pys P3y+(1-ky Piy)(-1+k; Ps3) Ky ks Py3 Psy+(1-ky Pyy)(-1+ks Pss)
Outf « J/MatrixForm= Ki P1o+ks K3 Pis Pso-Ky ks Pip Pss 1-Ky Pyi-Ky K3 Py3 P3y-Ks P3s+ky K3 Pyy P3s Ki K3 P1j P3i+ks P3o-ky k3 Pyy P3y
kl k3 P13 Ps3 1+(1—k1 Py 1)(—1+k3 P3 3) kl kz P13 Ps 1+(l‘k1 Py 1)(-1+k3 P3 3) kl kz P13 Ps3 1+(1—k1 P 1)(—1+k3 P33)
ki Py3 0 1-ky Py
Ky k3 Py3 P3i+(1-k; P1y)(-1+ks P33) Ky K3 P13 Psy+(1-ky Pyy)(~1+ks Ps33)

Black regions are equivalent to leak. This is a very simple case:

n - - Inverse @ First @matrixVector [3, method - Inverse]/. {k; » 0, k3 » 0} // Simplify /

MatrixForm

1

— 0 0
-1+k; Py
Ki Py
i - J/Ma - — -1 0
Out[ « J/MatrixForm: “14ky Py,
KiPis 0 -1
-1+k; Py

- - matrixVector [2, method - FixedPoint ]

our - 1= {{{tk1 P11, Ka P21}, {Ki P12, KaPaalt, {P11d1+P210d2, P12q1+ P22 da}}
FixedPoint
n - = With [{d'im = 2},
With[{solutionVector = Table[R;j, {j, dim}]},
MatrixForm @ solutionVector == Plus[Dot[MatrixForm @#1, MatrixForm @ solutionVector ], {6}
MatrixForm @#2] & @@ matrixVector [dim, method - FixedPoint ]]]

o (R1)==(klPll k2P21) (Rl)+(P11q1+F’210I2)
R2 kiPi2 kz P23 R2 P12d1+P2202

Iterative solution:
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Inf ~ J:= W'ith[{d'im = 2},
With[{matrixVectorl = matrixVector [dim, method - FixedPoint ]},
With|
{functionl = Function [Plus[Dot[matrixl , #], vectorl]]/.
{matrixl - First @matrixVectorl , vectorl - Last @matrixVectorl }},
NestList [functionl , Table[0, dim], 3]
1] ## Column
{0, 0}
{P1191+P21d2, P12q1+ P20}
{P1191+P2192+ ki P11(P11g1+P2192)+kaPa1(P1291+P2202),
P12d1+P22q2+ k1 P12(P1191+P21d2)+KkaP22(P1291+P22qn)}

Outf » ]=
{Pr19q1+Pa1dqo+ ki Pri(Pi1dai+Pa1go+kiPr1(Pr1g:+P2192)+kaP21(P1291+P22q2))+
ko P21 (P12q1+ P22 o+ ki P1a(P11q1+P2102)+kaP22(P12d1+P220q2),
P12d1+P2292+ ki P12(P1191+P2192+Ki P11 (P11 qi+Pa1d2)+kaPoi(Pi2dr+Pazqa))+
ko P22 (P12q1+Pazqo+ ki P1a(P11g1+P2102)+ka P2z (P12d1+P22q2))}
complexity

3.3. Complexity

Only LinearSolve on numbers is expected to work for large dimension. The general solution by the inverse matrix is only
practical for small dimension (depending on available storage):

n - - Clear @bc}

bc@n_Integer := (bc@n = ByteCount [L'inearSolve @@ matrixVector @n])
n - - bc@2

LinearSolve : Argument 2 at position 1 is not a non-empty rectangular matrix .

ouf - - 64

n- - bc@3

LinearSolve : Argument 3 at position 1 is not a non-empty rectangular matrix .

ouf - - 64

n - - bc@4

LinearSolve : Argument 4 at position 1 is not a non-empty rectangular matrix .

ouf - - 64

n- - bc@5s

LinearSolve : Argument 5 at position 1 is not a non-empty rectangular matrix .

ouf - - 64

n- - Timing @bc @6

LinearSolve : Argument 6 at position 1 is not a non-empty rectangular matrix .

our - - {0.002879 , 64}
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- = (*Timing @bc@7%)

bc@7 = 34651728 ;
- bc@8 = 158136744 ;
- - bc@9 = 715689016 ;

n - - ListPlot [Table [Evaluate @bc @1, {i, 2, 9}], PlotRange - All, Joined - True]

7x10°%

6x10°

5x10°

4x10°
outf « ]=

3x10°

2x10°

1x10°

6 7 8

,_
n
w
IS
(%))

A uniform stationary distribution exists for any dimension when all collision probabilities are equal (but the k;, g4 are not
necessarily equal):

o - With[{dim = 3}, markov2 @dim /. P__ - 1 /dim]

—l+k—1 ke ks &, 2 &
3 3 Ry 3 3 0

k k. k 91 92 ds
ouf « J= ?1 —l+?2 ?3 Ro|+| 3+5+5|=|0©
ka ko gL,k [ MR e e e 0

3 3 - 3 3 3 3

= (Bl X_1Ty_= =-x/-y) &l@
Simplify @With[{dim = 3}, LinearSolve @@ matrixVector [dim, method - LinearSolve ]/.
P _ - 1/dim]

{ q1+d2+ Q3 di1+d2+(Q3 di1+d2+4q3 }
= ) )
3-ki-ky-ks 3-ki-ky-ks 3-k;-ky-ks

Out[

Inf « Ji= W'ith[{d'im = 3},
Map[Total, Inverse [First @matrixVector [dim, method - Inverse]/. P__ - 1/dim]]]/

Simplify

3 3 3

Out

],{ ) ) }
-3+ki+ky+ks -3+kyp+ky+ks -3+kp+ky+Kks

- - With[{dim = 7}, Inverse [First @matrixVector [dim, method - Inverse]/. P__ - 1/dim]i[1, 11/

Simplify

—7+k2+k3+k4+k5+k6+k7

Out[ » |= =
-7 +ky+ky+ ks + kg + ks + kg + ke
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criticality

3.4. Non negativity and criticality

For the Markov eigenvalue equation {5} to represent the integral transport equation {13}, its solution must be non negative.
Global properties:

globalProperties

In[48]:= Clear @BracketingBar ;

IR_| = ) Ry
i

Clear @OverBar ; {7}
. . —  (ZikiRy)
(xparenthesis required for AutoGeneratedPackage #)k_ = —
IR|
By non negativity, |R| == 0 if and only if for all i, R4 == 0 (the function R » |R| is a norm).
The global (R-weighted average) multiplication factor k is not a parameter as it depends on the unknown R;. Yet by non
negativity 0 < Minfk;] < K= Max [ki] where the k; are parameters.
Sum {3} over i, use {2}:
SumRi
Inf « Ji= Map[z " &, markov] /.
i
HoldPattern [Z Z X_ ] = Z [Z x) I.
i\j j o\
{8}
Z Pji x_ I3 FreeQ[x, i] - [Z Pji] x I. Apply [Rule, exchange [i, j]@ probabilityNorm ]/.
i i
HoldPattern [Z (x_ + y_)] = exchange [i, ]][Z X+ y]
j j 3
SumRi
our- -y Ri==> qi+ ) kiR;
i i i
Rewrite {8} with {7}:
globalBalance
R E {Z ki R; = HoldForm @k - HoldForm @ [R|, Y R_; = HoldForm @ |R|} "
i i
— {9}
SubtractSides [#, k HoldForm @ |R|] &|/. x_-Xx_y_ - x (1 - HoldForm @ y) //
MultiplySides [#, 1/(1- E), Assumptions - K < 1] &
globalBalance
1ql
ouf - = |R| == ——
1-k
k == 1 is the critical condition. It is logically equivalent to || == © and |R| can take any value. Quasi-criticality is when K is

close to but lower than one. |R|/|q]| is the spontaneous source amplification factor.

{9}, equivalent to {5} in dimension 1, solves the single region Markov eigenvalue equation:
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i - - AddSides [MapAt [# /. x_. y_ = HoldForm [y x] &,

MultiplySides [MapAt[# /. x_/y_ = -X/-y &, %, 2], -1+k, Assumptions - K < 1], 1], 1q1]/.
X_ +Y_ = HoldForm [y + x]

ouf - - (=1 +Kk) IRI +1q] ==

The diagonal coefficients of the stochastic matrix must be non positive:

n - = markov2 @ 3
-1l+kiPyq ko Py ks P31 R1 P11d1+P21092+P31q3 ]
ouff « J= kiPi2 -1+kyPas ks P32 | R2|+| P12d1+P2202+P32q3 |==]0
kiPis k2 P23 -1+ksP33 R3 P13d1+P2392+P33Q3 0

If Py; == 1 then region 1 is disconnected and eliminated. Thus P;; < 1. If k; > 1/P;; > 1, then a non negative solution does
not exist and the region 1 alone is super-critical but k; = 1 is possible if the other k;.; are so small that overall k< 1.

4. Collision probability model

eliminate

4.1. Eliminate diagonal collision probabilities

Knowing the non diagonal collision probabilities P, i * j, the diagonal ones P;; can be determined by the normalization
{2}:

W'ith[{d'im = 3},
Print @ Column @ Table [expandSum [probabilityNorm , dim], {i, dim}];

First @ Solve [Table [ReleaseHold @ expandSum [probabilityNorm , dim], {i, dim}],
Table[P;i, {i, dim}]]]

Pi1+Pia+Py3==1
Par+Pao+Pog==1
P31+ P32+ P33 ==

ouf-J-{P11 > 1-P12-P13, P2p > 1-Py;-Py3, P33 > 1-P3;-P33}

Equivalently:

- - With[{dim = 3}, Map[Total @# /. x_+P; i » Pj; » 1-x &, Table[P;s;, {i, dim}, {j, dim}]]]

ouf - - {P11 > 1-P12-P13, P22 > 1-Py1-P23, P33 > 1-P3;-P3}
or:
-1 dim
nf - = W'ith[{d'im = 3}, Table[Pﬁ > 1-3 Pij- > Pij, {i, d'im}]]
j=1 j=isl

ouf -] {P11 > 1-P12-P13, P22 > 1-P31-P23, P33 > 1-P3;-P33}

Warn if normalization is impossible:



67.nb |25

In[52]:= solveDiagonal ::negativeProbability =
"probabilities can't be normalized at line "1'";
Clear @ solveDiagonal ;
solveDiagonal [dim_Integer , OptionsPattern [checkNonNegative - True]] :=

Tab'Le[Pi.i - 1-With[{position = i}, If[Not @OptionvValue @ checkNonNegative , #,

If[# <1, &, Message [solveDiagonal ::negativeProbability , position];

i-1 dim
&Y Pis+ Y Pis)s {i, din}]
j=1 j=iel

i - - Column @ solveDiagonal [3, checkNonNegative - False]

P11 > 1-P12-Py3
ouf - ]- Ppog » 1 =Py -Py3
P33 > 1-P31-P3;

inf - = Column @ solveDiagonal [3, checkNonNegative - True]

P11 > 1-If[P12+P13<1, Piy+ P13, Message]| negativeProbability , 1]; 1]
ouf - - Pag » 1= If[Py1+Py3 <1, Pyp+Pas, Message]| negativeProbability , 2]; 1]
P33 » 1-If[P31+P3, <1, P31+ P3,, Message]| negativeProbability , 3]; 1]

=% 1. {P21 g .6, P23 g .7)

- solveDiagonal : probabilities can't be normalized at line 2

P11 1-If[P1,+P13<1, Pip+ P13, Message]| negativeProbability , 1]; 1]
ouf - - Poo » 0

P33 > 1-If[P31+ P35 <1, P31+ P3y, Message]| negativeProbability , 3]; 1]

4.2. Point regions

In some large uniform medium, the pile, indexed by 1, consider two infinitely small regions indexed by i, j =2 2,7 # j and let
d;j > 0 be the distance between them.

By isotropy and definition of cross section, and considering that particle free flight is rectilinear (before first collision), P;; must
be proportional to V5 Z; /(4 md; jz), the fraction of the sphere intercepted by the target, with a dimensionless proportionality
coefficient given by the Beer-Lambert- Bouguer attenuation law [3] (one if the medium is non reactive):

Pij

Vi Z;
i%j
= probabilityModel® =P;; > ——— expM[Z;d;;] {10}
4 T C|-ij2

In[:

]
)]

expM |:d1:| Zl] VJ Zj

outssl= P -

ij
4Tl'd1'j2

where expM has been defined in section 1 and its argument is named the optical thickness .

More generally, a non uniform medium is decomposed step by step in n smaller uniform media pathwise (along the path). Let
x be the rectilinear ordinate from region i to region j, with origin at i. Let x[k]be the ordinate of the pathwise k-th interface
and, if k # 0, m[k] be the medium just before x[k] (in particular, the segment [0, x[1]] spans region m[1]). Decompose optical
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thickness and introduce optical path:

In[56]:= boundaryCondition = {x[0] » 6, x[n] - d;;}

n
opticalThickness = HoldForm [Z Z k] (X[K] = X[-1 + Kk]) /. tt] &@ boundaryCondition
k=1

opticalPath = opticalThickness /. Sum - Table

path = opticalPath /. £ d_:= d

outsel- {x[0] » 0, x[n] » d5 4}
ous7)- i Znji) (X[K] = x[=1 + KD /. {x[0] » 0, x[n] - dj}
k=1
ouser Table [Zuq (XIKI - x[-1 + D), {k, 1, )] /. {x[0] » 0, x[n] > d;;}
ousol- Table [X[K] - x[- 1+ k], {k, 1, n}/. {x[0] » @, x[n] > d+4}
In particular:

i - - ReleaseHold [opticalThickness /. n - 1] &/@ Range @3 // Column

di 5 Zmy
our - 1= Zmpzy (d4 5 = X[11) + Sy Xx[1]
Tz X[1] + Zzp (45 - X[21) + Sy (- X[1] + x[2])

i - - ReleaseHold [opticalThickness /. I_ - 1] == dyj

ouf - ]- True

i - - ReleaseHold [opticalPath /. n » #] &/@ Range @ 3 // Column
{di5 Zn}

ouf - - {Zmmy X115 Znz (di 5 = X[11)}
{Zmy X111, Zmy (= X[1] + X[2])5 Zmgzy (d5 5 - x[21)}

n - - ReleaseHold [path /. n » 3]

out - - {x[1], -x[1]+ x[2], d44 - x[2]}

For n 2 2, pull apart the contributions of regions 1, j:

opticalThickness1

In[60]:= opticalThicknessl = ReleaseHold [opticalThickness /. HoldPattern @ Sum[x_, {k, 1, n}] =
Plus @@ {x /. k » 1, Identity [Sum[x, {k, 2, n-1}]], x /. k » n}] /. {11}
HoldPattern @HoldForm [Table[x_, y_]] :» Table[x, y]
opticalThickness1

-1+n
out[60]= Z k) (- X[=1 + KT + X[K]) + Zpay X[1] + Zppny (d—ij - X[-1+n])
k=2
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In[61]:= opticalPathl = ReleaseHold [opt'ica'LPath /. HoldPattern @ Table[x_, {k, 1, n}] =»
{xI/. k> 1, HoldForm [Sequence @@ Table[x, {k, 2, n-1}]], x /. k » n}] flo {12}
HoldPattern @HoldForm [Table[x_, y_]] » Table[x, Y]

outsl-  {Zmy X[1], Sequence @@ Table [Zm[k] (X[KI = x[- 1+ K]), {k, 2, n-1}], Zgm(dij - x[-1+n])}
In particular:

- - opticalThicknessl /. n - 2

ReleaseHold [opticalPathl /. n - 2]

ouf - - Zm2) (d-ij = X[1]) + Zpyy X[1]
ouf - 1= {Zmpyy X[11, Zmzy (d4 4 - x[11)}

- - opticalThicknessl /. n - 3

ReleaseHold [opticalPathl /. n - 3]

ouf -+ J= Zmpyy X[1] + Zpa; (d-ij = X[2]) + Zppzy (- X[1] + X[2])

ou - 1= {Zmpyy X[115 Emzy (= X[1] + X[2]), Zmezy (d4 5 - x[21)}

Use {11} in {10}:

Pij1

In[62]:= probabilityModell = probabilityModel® /. £;d;j - opticalThicknessl {13}
Pij1
1 -1+n
outsz- Pyj > ————— expM [ > Znpig (= X[= 1+ K]+ X[K]) + Zpgay X[1] + Zppey (A5 - X[ 1+ n])] Vj 55
TTdij k=2

In particular:

- - probabilityModell /. n - 2

expM [me (dWJ - X[l]) + Zm[l] X[l]] V] Zj

Outf » = P‘ij - >
4 T d‘i ]
]

{13} is just eq. 17, p. 181 of [1] applied to point regions or the Beer-Lambert- Bouguer law for inhomogeneous medium.

4.3. Finite regions

Each path extremity can be anywhere inside each finite region, d;; is not exactly defined. Nevertheless, the collision probability

is still estimated with {13}, where each extremity at some arbitrary collapse point in the region, which is imbedded in the
medium. We will count as if all the matter of the region had collapsed in one point. In some cases, the best estimate is obtained
by symmetry. This simplistic approximation may suffice to obtain tendencies with respect to some perturbation (change). The
usual nearly exact method is based on volume integrals, see [1], ch.X, p. 171, 181.
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Pij2
In[63]:= boundaryConditionl = {m[1] » i, m[n] -» j}
opticalThickness2 = opticalThicknessl /. boundaryConditionl
opticalPath2 = opticalPathl /. boundaryConditionl
probabilityModel2 = probabilityModell /. boundaryConditionl
Pij2
oueal-  {m[1] » i, m[n] > j}
Pij2
-1+n
outst= » Ippig (= X[= 1+ K1+ X[K]) + Z5 X[1] + £5 (d5j - X[~ 1 + n])
k=2
Pij2
ous-  {Zi X[1], Sequence @@ Table [Zm[k] (x[K] = x[- 1 + K], {k, 2, n-1}], £5(ds5 - x[-1+n])}
Pij2

expM [zg;“ Sapi] (= X[=1 + K1+ X[KD) + 24 X[1] + 25 (d55 - x[-1 + n))] V5 5

Out[66]= P‘ij -
4T d‘i j2

In particular:

inf - - probabilityModel2 /. n - 3

expM[Z4 x[1] + %4 (d44 = X[2]) + Zppy (= X[1] + X[2])] V5 Z;

ouf- - Pij >
ut] ij 5
4rrd1~j

Apply {14} reciprocally from j to i, reversing the orientation of x, m:

i - - exchange [i, j]@ probabilityModel2 /. {
HoldPattern [x[k_]] » exchange [i, jl@d;; - x[n - K],
(*x[1]» exchange [i,j]@d;;-x[n-1],
x[n-1]» exchange ['i ,j]@dij—x[ll,*)
m{k_] = m[n - k + 1]}

1 -1+n
o - Pyji » ——— expM[Z Tn1-ken] (= X[=K + ]+ X[1 - k+ n]) + T4 x[1]+ 55 (dj5 - X[-1 + n])] Vi T4
4 dj-iz k=2

Reindex and use that this does not change the summation bounds:

n - - probabilityModel2r =
% /. HoldPattern [Sum[expr_, {k, bounds__}]] » Sum[expr /. k> n-k+1, {k, bounds}]

expM [z[(i';n Zm[k] (-x[-1+ k] + X[k]) + Z-i X[1] + Zj (d]1 -x[-1+ n])] V‘i Z-i

ouf - J- Pjq >
47de‘i2

Check reciprocity {4}:

{14}
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i - - Simplify [ReleaseHold [reciprocity /. probabilityModel2 /. probabilityModel2r ],
dij = dj]

ouf - - True
4.4. Thick target region

Definition: target region 1 is thick if its optical thickness is greater than one: ¥; x[1] > 1.

Rearrange {14} with xExpM :

Pij3
In[67):= probabilityModel3 =
XEXPM [ZJ Z] {15}
probabilityModel2 /. HoldPattern @expM[x_Sum +Z;y_+Z;2z_] > expM[x+Z;y] ———
iz
J
Pij3

expM [Zégn Zopk] (= X[= 1 + K]+ X[K]) + 25 X[1]] V5 XExpM[Z;5 (d44 - X[- 1 + n])]

out[67]= Pij -
4rrd1-j2(d1-j—x[-l+n])

In particular:

- - probabilityModel3 /. n - 2

expM [Z5 x[1]] VJ XEXpM [Z] (d1j - X[l])]

ouf -~ = Py >
4 dijz (d1j - X[l])

Recover isotropic lossless scattering in the small optical thickness limit:

in - - probabilityModel3 /. {expM - (1 &), XExpM - Identity }

Vi

jZj

J
Out[ » ]= P‘ij ->
47TC|1'J'2

If the target region is thick, then the collision probability {15} decreases with optical thickness (due to the bumpy shape of
xExpM, see section 1). However, as collision probability is a measure over space, it should increase with respect to optical
thickness (at least in spherical or plane geometry where only one dimension of space is effective). Also, by self-shielding, the
increase should be less than linear, which is indeed true with xExpM (although not strictly if x>1).

For consistency, any thick region should be decomposed in thinner regions. However, a cheaper solution is this patching:

Pij4

In[68]:= probabilityModel4 = probabilityModel3 /. xExpM - xExpM1l {16}
Pij4
-1+n
oussl- Pyij - expM[Z T (= X[= 1+ K] + X[K]) + 25 x[l]] Vj XExpM1 [£5 (ds - x[- 1 + n])] /(4 mdig? (dig - x- 1+ n))
k=2

- - probabilityModel4 /. n - 2

expM [Z5 x[1]] VJ XEXle [ZJ (d-|J - X[l])]

ouf - J- Piy >
4 dijz (d-|J - X[l])

The patched probability model {16} has the consequence that P;;/(V5 £5)in {16} is no more invariant by exchange, which

breaks reciprocity {4}. As reciprocity is a consequence of the monokinetic hypothesis, the monokinetic hypothesis is broken too
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but the collision probability model {16} may still have some meaning with respect to the non- monokinetic transport equation.
2spheres
4.5. Two dressed spheres

Considering the roughness of the collision probability model, we cannot expect to account for region shape, except for the most

global properties, volume and some mean or typical (optical) thickness, like the mean chord. At best, only sphere and slab can
be considered.

For the small region hypothesis of the collision probability approximation, using only one region for the whole pile is the most
patent violation. A little better can be done by considering around each small region an intermediary "dressing" region. The
simplest choice for dressing is spherical corona, locally similar to slab. If the dressing material is the same as the pile material,
then dressing thickness should have no effect. Thus can be checked consistency with respect to the small region hypothesis.
i - - Catch @Manipulate [With[{tick = .03, d = 2},
Graphics [, Axes - {False, False}] &@{
{DotDashed , Line @{{-d/2, 0}, {d/2, 0}}},
Line @{{{#, H2}, {&#, -H2}} & @@ {#, .2)} &/@ Table[(-d/2 +x[i]), {i, 4}] /.
{x[1] » r2, x[2] » r4, x[3] > d-r5, x[4] » d -3},
{{pisk[#, tick], Text["1", &+ {0, .5}]} &@{Mean @ {1, H2}, 0} & @@
Composition [H /. {x_, y_, z_} = x-Sign@x Max[y, z] &, MapAt[First, #, 1] &, Most]/@
",
Through [
{{Circle [#1, H#2], Text[ToString @#4, H#1 + {-Sign[First @#1], 1} #2/3],
{pashed , Circle[#1, #3]}, Text[ToString [#4 + 2],
#1 + {-Sign[First @#1], 1} (#2 + #3)/3]} & @@ # &,
{pisk[H1, tick], Disk[H1 - Sign[First @H#1]{(H2 + #3)/2, 0}, tick]} & @@ # &}@
#]) &/@ 1} &«@{{{-d/2, 0}, r2, r4, 2}, {{d/2, 0}, r3, r5, 3}}}],
{{r2, .15}, 0, 1}, {{r4, .3}, 0, 1}, {{r3, .4}, 0, 1}, {{r5, .6}, O, l)]

r2 m
G
r4 M
J
rs i
r5 m
[
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In[69]:= Clear @ indexMediaInterfaces ;
indexMediaInterfaces [medial_, pathl_] :=
MapThread [Thread [Array [H1, Length @ H2] » #2] &,
{{m, x}, {medial, Table[Sum[pathl[[i]], {i, 1, j}], {i, Length @ path1}]}}];

Read pathwise on the figure and index regions and interfaces:

Inf e Ji= W'ith[{
medial = {2, 4, 1, 5, 3},
(*write so that Total would obviously return distance :%)
pathl ={r,, -ro+rs, -ra+dy3-rs, rs-rs, rs}},
Print @ Total @ pathl;
indexMediaInterfaces [medial, pathl]

]
da3
ouf - - {{m[1] » 2, m[2] > 4, m[3] > 1, m4] > 5, m[5] > 3},

{X[1] » ra, X[2] » rg, X[3] > dz3-rs5, X[4] » dy3-r3, X[5] » da3}}

Review formulae on the case:
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i - - Column @With[{medial ={2, 4, 1, 5, 3}, pathl ={ry, -ry+r4, -ra+dy3-rs, rs-rs, rs}},
indexMedialInterfaces [medial, pathi]/
with[{
media = First@#,

interfaces = Last@#H,

nl = Length @medial ,
il = First @medial,
j1 = Last @medial},

With[{jmi = Join[media, interfaces ]},
{{media, interfaces },
{n1, 91, j1},
#/. {n>nl, i-141,3 - 1}/ imi &i@
{probabilityModell , probabilityModel2 , probabilityModel3 , probabilityModel4 },

ReleaseHold [# /. {n > nl, i > i1, j - j1}]/. jmi &/@
{opticalPath , opticalPathl , opticalPath2 , opticalThickness },

#/.{n>n1,di-141, j-> j1}/. jmi &/@ {opticalThicknessl , opticalThickness2 },

#/.{n>n1,di-141, > ji}/. jmi /. {£4 > X;, Z5 > I;} &@opticalThickness2 1/
Simplify

H1 &]

{m[1l] » 2, m[2] > 4, m3] > 1, m4] > 5, m5] > 3},
{X[1] » r2, x[2] = ra, x[3]1 > dy3-rs5, x[4] - dy3-r3, X[5] > dya3}}
{5, 2, 3}

expM[(da 3-r4—rs) Z1+ro Tp+13 T3+(-ro+rg) T4+(-r3+1s) I5] V3 23
P23 -

47d,ys?

)

expM[(dy3-rs=rs) S1+r; Tp+13 S3+(-ra+ry) S4+(-r3+rs) Is] V3 I3 expM[(da3-r4=rs) Zy+ro Tp+(-ry+ry) S4+(-r3+rs) I5] V3 XEXpM[r; 55]

P23 - ; P2z -

4d,;? 4mdys’rs

)

P23 -
2
outf « J- 4mdysrs

{raZa, (-ra+ra) 24, (daz-ra-rs)Zy, (-rs3+rs)Zs, ras},

{raZy, (-ra+ra)2s, (das-ras-rs)%1, (-r3+rs)Ts, ra2s},

expM[(dy3-r4-rs) Zy+ry Ty+(=ry+rs) S4+(-r3+rs) Ts] Vs XEXpM1[rs 231}

{raZy, (-ra+rq)Zs, (daz3-ra-rs);, (-r3+rs)Is, rzs},

(d23=Fra-rs5) T+ rpZp+ r3Z3+(-rp+rg) Zg+(-r3+rs)s}
{(d23-ra-rs5)Zy+rpZo+r3Z3+(=rp+rg)Zg+(-r3+rs)s,

(d23-ra-r5) X1+ T+ r3X3+(-rp+rg) Zg+(-r3+rs)s}
da3Zy+ rp (=21 + %)+ r3 (-2 +23)

Collapse points (the black dots on the figure) are chosen for (local) symmetry at sphere centers or at the middle of linear
sections. All collision probabilities between any two regions are obtained by recursively collapsing extremal media (in both
directions):



In[70]:= Clear @collapse ;
collapse [side_ : (First | Last)]@{media_List , path_List } :=
With[{order = Switch[side, First, Identity , Last, Reverse ]},
{order [order @media /. {_, m2_, m3__} = {m2, m3}],

order [order @path /. {_, d2_, d3__} = {d2/2, d3}]}]

n - - collapse [H1@{{2, 4, 1, 5, 3}, {ra, —ra+rs, dyz-rs-rs, -rz+rs, r3}} &/@ {First, Last}

1
outf « J= {{{4: 1,5, 3}, {;(_r2+r4): dy3-rg-rs, -rz+rs, r3}}:

1
{{2, 4, 1, 5}, {"2, -ry+ry, dyz-rg-rs, ;(—r3+r5)}}}

- - TableForm [Most @ FixedPointList [collapse @H, {Range @#H, Array[d, {H}]} &@5] & /@
{First, Last}, TableSpacing - {2, 3}]

1 2 3 a4 s 2 3 4 5 3 4 5 4 5
dinl di2) di3) di4) disi %2 dp3) diag disi 22 odiag disp 22 dis)
Outf » }/TableForm=
! 2 3 4 > ! 2 ° 4d[4] ! ; i[31 ! 2d[2]
d[1] d[2] d[3] d[4] d[5] dii] di2] di31 =- dii] dr2p = i ==

i - - Most @ FixedPointList [collapse @First,
{2, 4, 1, 5, 3}, {ray, -ra+rg, dyz-rg-rs, -rz+rs, r3})] /I Column
{2, 4, 1, 5, 3}, {ra, -ra+rg, dy3-ra-rs, —rz+rs, rsj}
{{4, 1, 5, 3}, {%(—r2+ rg), doz-rg-rs, -rz+rs, r3}}
YU, s, 3, {Sdas-ra-rs), —raers, ra})

{t5, 31, {5 (-r3vrs), r3})

n - - Flatten [Most @ FixedPointList [collapse @LlLast, #] & /@
Most @ FixedPointList [collapse @First,

{2, 4,1, 5,3}, {ra, -ra+rg, dys-rg-rs, -rz+rs, I"3}}], 1] Il Column

{2, 4, 1, 5,3}, {r2, -ra+ra, dys-ras-rs, -rz+rs, rsj}

{2, 4, 1,5, {ra, ~ravra, das-ra-rs, > (-rs+ry)}}

{2, 4, 13, {r2, ~ra+ra, 3 (d23-ra-ro)}}

(@) #, {rar Eraera))

{t4, 1, 5,3, {S(-ra+ra), das-ra-rs, -rs+rs, r3}}
Y e, 1,8y, {Seraera), das-ra-rs, Srasrs))

{14, 0, {5 cravra), S(das-ra-ro)}

(185, 30, (@ rara), <raers, 03]

{t1, 51, {5 @2s-ra-rs), > (-rs+ry)}}

{5, 31, {Zeraera), ral}
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- - indexMediaInterfaces [{2, 4, 1, 5, 3}, {r2, -ra+rg, dy3-rg-rs, —rz3+rs, rs}]

ouf - - {{m[1] » 2, m[2] »> 4, m[3] » 1, m[4] > 5, m[5] » 3},

{X[1] » r2, X[2] » ra, x[3] > dy3-rs5, x[4] > dy3-r3, X[5] > dya3}}

n - - indexMediaInterfaces @@ H & /@
Flatten [Most @ FixedPointList [collapse @Last, #] &/@
Most @ FixedPointList [collapse @First,
{{2, 4, 1, 5, 3}, {ra, -ra+rg, dys-rs-rs, -rz+rs, r3}}], 1]/ Identity 1/

TableForm [, TableDepth - 2, TableDirections - {Column, Column}, TableSpacing - {2, 1}] &

{m[1] > 2, m[2] > 4, m[3] > 1, m4] > 5, m5] > 3}

{X[1]1 > r2, X[2] » rg, x[3] » d23~-1rs5, X[4] » d23-r3, X[5] > d23}

{m[1l] > 2, m[2] > 4, m[3] > 1, m4] > 5}

{X111 5 ra, X[21 > ra, (315 das-rs, X[4] > daz-rs+ > (-r3+rs)}

{m[1] > 2, m2] > 4, m[3] > 1}

{X[ll = ra, X[2] > rg, X[3]1> ra+ %(dzs -rg- r5)}

(m[1] > 2, m[2] > 4}

{x[l] > ra, X[2] > ra+ %(— ro+ r4)}

(m[1] > 4, m[2] > 1, m[3] > 5, m[4] > 3}

{X[l] - %(—r2+ ra), X[2] » daz-rq+ %(—r2+ rg)=rs, X[31 > dag-rz-rg+ %(-"2+ ra), x[4] » daz-ra+ %
Outf » }/TableForm= {m[l] N 4, m[2] N l, m[3] N 5}
{X111> S (-ra+ra), X215 daz-ra+ T (-ra4ra)=rs, X381 daz =g+ 5 (-ra+ra)-rs+ 5 (-rs+rs)}
{m[1] > 4, m[2] > 1}
(X1 >  (-ra%ra), X215 S (-ra+ra)+ > (d23-ra-rs)}
{m[1] > 1, m[2] > 5, m[3] » 3}
{X[ll - %(d23 -Fg-rs), X[2] > -r3+ % (d23-ra-rs)+rs, x[3] > % (da3-ra-rs)+ rs}
(m[1] > 1, m[2] > 5}
{x111> 3 (@23-ra-rs), x21> S (daz-ra-r5)+ > (-r3+rs)}
{m[1] » 5, m2] » 3}

{x[l] - %(— rs3+rs), X[2] »> ray+ %(— rs+ r5)}
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In[72]:= expandProbability = Function [{probabilityModel , medial, pathl},
Composition |
Fold[ReplaceAll , probabilityModel , #] &,
{Sequence @@ With[{nl = Length @#1, i1 = m[1] /. #1},
With[{j1 = m[n1] /. #1},
f{In > n1, i > i1, j » j1}, {di1j1 » (xIn1]l/. #2)}}]],

Join[#1l, Most @#H2]} & @@ # &,

indexMediaInterfaces @@ # &]/@

Flatten [{#, Map[Reverse , H&, {2}]} &@
Flatten [Most @ FixedPointList [collapse @Last, H] &/@ Most @
FixedPointList [
collapse @First, {medial, pathl}], 1], 1]];

expandProbability [probabilityModel4 , {2, 4, 1, 5, 3}, {ra, -ra+r4, -rg+dy3-rs, rs-r3, r3}]
1
outf « J= {P23 > ————— eXxpM[(dy3-rg4-r5) 1+ S+ (-Fp+rg)E4+ (-r3+ rs) 5] V3 XExXpM1 [r3 Z3],
4 d232 rs

1
expM{(das - ra=rs)Ty+ ry Ty + (- 1y + 1) L4] Vs XEXpML [ 2 (- 13+ r'5) Zs]

Pas - )
1 2
2rr(—r3+r5)(d23—r5+ ;(—r3+ r5))
1
expMIry Zp + (- 13+ 1) £4] V1 XEXpML[ S (da3 - ra - r's) 4]
P21 > 5
1 2
2 Tf("4+ Y (d23-rs- r5)) (d23-rg-rs)
expM[ry £2] Va xExpM1 [% (-r2+ra) 4]
P2g > )

1 2
27T(—r2+r4)(r2+;(—r2+r4))

1 1 1
Ps3 > (expM[(d23+ —(ro-rg)-rg+ —(-rp+rg)- r5)21+ —(-ra+ry) s+
2 2 2

1 1 1 1
(— rs+ —(rz— I’4)+ —(— ro+ I"4)+ rs) 25] V3 XEXle [(I"3+ —(I"z— I"4)+ —(— o+ r4)) 23])/
2 2 2 2

1 1 1 2
(477('”3+—("2—|’4)+—(-|’2+ |’4))(d23—|’4+ —(-ra+ r4)) ),
2 2 2

1 1 1
Pss > (expM[(d23 + ; (Fp—rg)-rg+ ; (-ry+rg)- rs) T+ ; (-ra+ryg) 24]

1 1 1
Vs XxExpM1 [(; (Fro—-rg)+ ; (mro+rg)+ ; (-rs+ rs)] 25]]/

1 1 1 1 1 2
4rr(—(r2—r4)+—(—r2+r4)+—(—r3+r5))(d23—r4+—(—r2+r4)—r5+—(—r3+r5)) ,
2 2 2 2 2

1 1 1 1
P4l - (expM[; (— ro+ r4) 24] Vl XEXle [(; (r2 - I"4) + ; (— ro+ r4) + ; (d23 - g - rs)) Zl])/

1 1 271 1 1
(477(—(— ro+rg)+ —(dag-rg- r5)) (—(rz— Fa)+ — (-ra+rg)+ —(daz-rg- "5))),
2 2 2 2 2

1 1 1
P13z~ (GXPM[; (d23=-ra-rs)Zy+ (— ra+ ; (da3-ra-r5)+rs+ ; (-das+ g+ "5)) Zs]
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1 1
V3 XxExpM1 [(r3+ ; (dy3-rg-rs)+ ; (-dy3+ g+ rs)) 23])/
1 2 1 1
4 Tf(_ (d23-ra-rs)+ rs) (r3+ —(da3-rg-rs)+ —(-daz+rg+ rs)) s
2 2 2
1

1 1 1
P15 > (expM[; (dy3 - rg4- rs)zl] Vs xExpM1 [(; (dyz = rg4-rs)+ ; (-rz3+rs)+ ; (-dy3+ g+ rs)) ZS])/

1 1 201 1 1
4"(_((3'23-"4-"5)*' _(-l'3+|'5)) (—(d23—r4—r5)+ —(-r3+rs)+ —(-dygz+ra+ r5)) )
2 2 2 2 2

expM[% (-r3+rs) 25] V3 XxExpM1 [(r3 + % (r3-rs)+ % (-rs3+ r5)) 23]
Ps3 - 1 2 . 1 s
4m(rs+ 2 (-r3+rs) (r3+ F(r3-rs)+ S (-r3+rs))

1
P3p > ————— expM[(da3-ra-r5)Z1+r3Zaz+(-ry+r4) s+ (-r3+rs)s] Vo xExpM1[r; 3],
477 d232 ro

1 1 1 1
Psza(expM[(d23—r4+ ;(rg—rs)—r5+;(—r3+ r5))21+(—r2+ rg+ ;(r3—r5)+ ;(—r3+ rs)| 24 +

1 1 1
— (-r3+rs5)Ts5| Vy XExpM1 [(rz +—(r3-rs)+ —(-rz+ rs))zz])/
2 2 2

1 1 1 2
(4"("2+_("3-|’5)+_(-"3+ r5))(13123-"5*' —(-r3+ r5)) ),
2 2 2

1 1 1
P12 > (GXPM[; (d23-ra-rs)Zy+ (- o+ rq+ ; (d23-ra-rs)+ ; (-daz+ra+ r5)) Z4]

1 1
V, xExpM1 [(rz + ; (dy3-rg-rs)+ ; (-dy3+ g+ rs)) Zz])/

1 2 1 1
4"("4+ ;(dza-m-rs)) (r2+ ;(d23-r4-r5)+ ;(-d23+ ra+ l’s)) s

expM[% (=ry+ry) 24] V, xExpM1 [(rz + % (ro—rg)+ % (-ro+ r4)) 22]
Pa2 > B ) ] . ’
47r(r2+ ;(—r2+ r4)) (r2+ ;(rz—r4)+ ;(—r2+r4))

1
expM(daz - ra=rs)Z1+ r3Z3+ (~r3+rs)Es] Vo XEXPML [ (-2 + ry) 24
P34 > )
1 2
2m(-ra+ r4)(d23— Fa+ S (-ra+ '”4))

1 1 1
P54—) (expM[(d23—r4+ —(r3—r5)—r5+—(—r3+ r5))21+—(—r3+ r5)25]
2 2 2
1 1 1
V4 XEXpM1 [(— (-ra+ra)+ —(ra-rs)+ —(-rz+ r5))24])/
2 2 2

1 1 1 1 1 2
4rr(—(—r2+r4)+—(r3—r5)+—(—r3+r5))(d23—r4+—(—r2+r4)—r5+—(—r3+r5)) ’
2 2 2 2 2

1 1 1 1
P14 > (expM[; (d23-ra- "5)21] V4 XExpM1 [(; (-r2+rg)+ ; (da3-ra-rs)+ ; (-daz+rg+ "5)) z4])/

1 1 211 1 1
(4 "(— (=r2+rg)+ —(daz-rg- '"5)) (— (=ra+rg)+ —(daz-rg-rs)+ — (-daz+rg+ "5))],
2 2 2 2 2
expMIr3 23 + (- 13+ rs) Zs] Vi XEXpML [ > (da3 - ra = rs) X1
P31 > ) s
2 (dys-ra- rs)(% (da3-ra-rs)+ l’s)
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1 1 1 1
P51 > (expM[; (-r3+ rS)ZS] V; XxExpM1 [(; (F3-rs)+ ; (dyz3=r4-rs)+ ; (-ra+ rS)) Zl])/

1 1 271 1 1
(4"(_ (d23-ra-rs)+ —(-rz+ l’s)) (_ (Fr3-rs)+ —(daz-ra-r5)+ —(-rz+ "5))],
2 2 2 2 2

expM[rs X3] Vs xExpM1 [% (-r3+rs) 25]

P35—)

Lrgery)

2m(-ra+rs)(ra+ 3

n - - Length @ %

outf + - 20

4spheres
4.6. Four spheres

They can have any position or size inside the larger spherical pile, although shadow and boundary effects are not accounted for.
The two dressed sphere model is applied to each pair of spheres separately. The region indexing is modified so that if dressing
regions were removed then the stochastic matrix would shrink to a single full block. Example with 4 spheres:
Length /@ Function [{probabilityModel , ne},
Simplify |
Function [{i, j}, expandProbability [probabilityModel , {i, i+n0, 1, j+ne, j},
{ris -ri+rimes —rime+dij-rimes rjsne-rj, rj}jj @@ # &/@

Subsets [Range @ n0 + 1, {2}]]][probabilityModel4 , 4]

our- - {20, 20, 20, 20, 20, 20}

The P15 and P; 4,4, Pi.a,4, 2 <71 <5 and are evaluated thrice, depending on the axis. Yet for the Py .4, Pi.4, the three

values are identical by spherical symmetry:
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Sort @ Cases [Function [{probabilityModel , no},
Composition [
Flatten [, 1] & @
Simplify [
Function [{i, j}, expandProbability [probabilityModel , {i, i+n0, 1, j+no, j},
{ris =ri+rimes ~rimo+dij-rimes Fjme—rj, rilj] @@ # & /@

Subsets [Range @ n0 + 1, {2}]]][probabilityModel4 , 4], (P26 > _)| (P12 » _)]

1
expM [; (d23 21-r7Z1-rg(Z1- 2 2g) - 2 ro 26)] V2 XEXle [ro 25]

)

outf « J= {Plz - 2
mra(daz+re=-ry)

1
expM[7 (d24 %1 - rg E1 - re (E1- 2 %6) - 2 13 Tg)| Vo XEXpML [r 5]

P12 > »

2
mTra(dag+re=-rg)

1
expM[ (das Z1 - ro %1 - re (1~ 2 26) - 2 1y )| Vo XEXpML [ 2]

P12 > ) ’
mra(das+re=ro)
2 expM[ry T3] Ve XEXPML [ 3 (- ra + 1) Te]
P2g > - ) ’
TT(ra2-rg)(ra+re)
2 expM[r, ;] Vg XExpM1 [% (-ro+rg) Ze] 2 expM[r, Z,] Vg XExpM1 [% (-ry+rg) 26]
P2s > - 2 s Pag > - >
T(ra-rg)(ra+ re) mT(ra=-rg)(ra+re)

Function [{probabilityModel , ne},
Composition [
H[1, 1]] &/@ & &,
Gather [, Map[First, H1 == #2 &, {2}]] &,
Union ,
Flatten [#, 1] &]@
Simplify [
Function [{i, j}, expandProbability [probabilityModel , {i, i+n0, 1, j+ne, j},
{ri> =ri+rimos =Fimo+dij=rime, Fjme-rj, rij}jj @@ # &/@

Subsets [Range @ n0 + 1, {2}]]][probabilityModel4 , 4]

ouf - {P12, P13, P14, P1s, P1e, P17, Pig, P19, P21, P23, P24, Pas, Pag, P27, Pag, P29, P31, P32,
P34, P3s, P3s, P37, P3g, P3o, Pa1, Paa, Pa3, Pys, Pas, Pa7, Pag, Psg, Ps1, P52, Ps3, Psa,
Pse, Ps7, Psg, Pso, Pe1, Pe2, Ps3, Psa, Pes, Pe7y Pesy, Psg, P71, P72, P73, P74, P75, Prs,

P78, P79, Pg1, Pg2, Ps3, Pga, Pss, Pge; Ps7, Psg, Po1, Po2, Po3, Pos, Pos, Pog, Po7, Pos}
As the 9 diagonal collision probabilities are missing, we obtain as many rules as all (i, j), i # J:

n - - Length @ %
(*9%9-9==72%)

ouf -~ - T2

The anisotropic error will be estimated by mean deviation:
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ingo4:- MeanDeviation [{pl, p2, p3}]

1 1 1 1
oufaoal  — Abs[pl + —(-pl-p2- p3)] + Abs[pz +—(-pl-p2- p3)] + Abs[— (-pl-p2-p3)+ p3]
3 3 3 3

The average of collision probabilities on three different axes is loosely related to the integral on all possible paths of the exact
method.

In[78]:= Clear @ expandProbabilityl ;
expandProbabilityl [probab'il'ityMode'L_ s (xnumber of spheres x)n0_Integer ,

OptionsPattern [dress-ing - True]] := Catch @ Composition [
Partition [#, If[OptionValue @dressing , 2, 1] no] &,
H#[[1, 1]] » Through [{(*hangs : Simplify @+*)Mean,

MeanDeviation @#

&}[Last @ #] & /@ # &,
Mean @ &

Gather [#, Map[First , #1 == #2 &, {2}]] &,
Union ,
Flatten [&, 1] &]@
Simplify [
Function [{i, j}, expandProbability [probabilityModel , If[OptionValue @dressing ,
(*this could be determined automatically from a more detailed
geometrical description and shadows could be found toox)
{i, i+no, 1, j+no, j}, {i, 1, j}],
(xnot a good -ideax)
(xMapAt [
If[False ,Max[H,0]&,Identity ],
",
(xmiddle of list of uneven length %)
1+Round [Length @#/2]]&@+) If[OptionValue @dressing ,
{ris =ri+ rimes =rime+dij = rjumos o= rjs rj}s
{ri, -ri+dij-rj, rj}

]l@@ # & /@ Subsets [Range @n0O + 1, {2}]]

n - - expandProbability2 = expandProbabilityl [probabilityModel4 , 4];

n - - ByteCount @ expandProbability2

ou- - 1132504

- - expandProbability2 [[2, 4]]

1
ouf - - Py > { expM[(dys-rg=-rg) 1+ S+ (-ry+rg) g+ (-Fs5+ rg) Zg] Vs XEXpM1 [rs Z5], O}

4 7sz52 s
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- - expandProbability2 [[4+ 1, 2]]

1

ouf - - Pgo > { expM[(dys-rg-rg)E1+ 55+ (-ry+rg)Zg+ (-rs5+ rg) Zg] Vo XEXpM1 [r; 25], O}

47 dz 52 ro
As union also sorts, partitioning yields a square matrix, less the diagonal:

MatrixForm @Map[First, expandProbability2 , {2}]

P12 P13 P14 Pis Pig P17 Pig Pig
P21 P23 Pasq Pas Pag Pa7 Pag Pag
P31 P32 P34 P3s P3g P37 P3g P3g
P41 Pa2 Pasz Pss Pag Ps7 Pag Pao
outf « J/MatrixForm= Ps1 Ps, Ps3 Pss Psg Ps7 Psg Psg
Ps1 Pe2 Pe3 Pesa Pgs Pg7 Psg Psog
P71 P72 P73 P74 P7s P7e P7s Pro
Pg1 Pg2 Pg3 Pga Pgs Pge Pg7 Pgo

Pog1 Pg2 Pg3 Pgs Pgs Pgg Po7 Pog

n - - Dimensions @ %

Outf « = {9, 8}

MatrixForm @Map[First, expandProbabilityl [probabilityModel4 , 4, dressing - False], {2}]

P12 P13 P14 P35
P21 P23 Pasq Pys
ouf - ymarrixrorm= | P31 P3a Psza P35
P41 Paz Pssz Pys
Ps1 Ps2 Ps3 Psg

Anisotropy (anisotropic error) aj j:
n - - anisotropyl = Map[# /. (P; 5 - {_, meanDeviation_ }) =~ a;; » meanDeviation &,
expandProbability2 , {2}];
- - anisotropyl [[1, 1]] // Short[&, 9] &
expM [i (d23Z1-r7Z1-rg(Z1-23%6)-213 Z6)] Vo XEXpM1[ra 23] 1

Out[ - J/Short= Q12 = AbS[ + -
mry(daz+re-ro)’ 3

1
(- ((expM [; (da3%1-r751-rg(Z1-25¢) -2 1, zs)] V, <« 1 XEXpM1 [<<1>>]) / (try(das+ re-ra)?)|-

<1l> <1l> <1> 1
- ]+<<1>>+Abs + —(<<l>>)] /
Try<l»? 7y (<ls)? <l» 3
eXpM [% (d23 Zl -ry Zl -re (Zl -2 26) -2 ro 26)] V2 XEXle [rz 22] «<l>
+ +
mry(daz+re-ri)? 7Ty (< 15>)?

1
expM[ (das E1 - ro E1 - re (£1- 2 Z6) - 2 13 Tg)| Vo XEXpML [ 23]

2
mry(das+re=ro)
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n - - With[{anisotropy2 = MapThread [#1 /. #2 &, {Table[a;;, {i, 9}, {j, 9}], anisotropyl }]},
Print @ anisotropy2 [[1, 1]I;
anisotropy2 [[1, 2]] // Short[H#, 8] &

1
expM [; (d23 Zl -ry Zl -re (Zl -2 26) -2 ro 26)] V2 XEXle [rz 22]
Out[ « J/Short= AbS[ 3 +
mra(dag+rg=-ro)

1
1 expM [; («l»)] Vo XEXpM1[rz Z2]  expM[« 1]V, «< 1 <1l
— |- - - + <1+
3 mry(dag+ rg-rq)? 7T ry (< 1) Try(«<1s)?
1
«l» expM[7 (d23 %1 - r7 21 - re (21~ 2 26) - 2 1 Z6)| Vo XEXpML [r; 23]
Abs[ +<<l>>] / +
<1>» Try(daz+ re-ro)?
1
expM [; (< l>>)] V, XExpM1 [r; 25] «<ls
"
mry(das+ re-ra)’ mry(das+ re-ro)?

indirectCollision

5. Indirect collision experiment

An extraneous source emits particles that collide with a sample and the products are detected, just as in any particle physics
experiments, except that the medium is not vacuum but a scattering medium: the pile. Multiplicative scattering is when one
incident particle yields many scattered particles (not to be confused with multiple scattering, when one particle is scattered
many times).

The experiment needs five more or less localized functions:
1 - Pile,

2 - Sample,

3 - Detector,

4 - Extraneous source,

5 - Control system.

The detector output is a collision number observed in a given time interval (a collision rate). Nothing else can normally be
observed (by definition of the detector), although some quantities can be computed.

Absorptions (possibly representing leaks) are balanced by multiplicative scattering and spontaneous, including extraneous,
sources.

The “open loop” mode of running the experiment is to observe the detector output as a function of any perturbation, normally
of the sample.

The “closed loop” mode of running the experiment is to maintain constant the detector output with the control system, for any
(not too large) perturbation, and to observe the control parameter instead of the detector output.

The set value of the detector output is a compromise between high for statistical precision and low for the absence of thermal
effects.

We want quasi-criticality, see section 3.4. The purpose of quasi-criticality is:
- to obtain a large number of events in a limited time, for statistical precision, even if the spontaneous source is small,
- to submit the sample to collisions with particles coming mostly from the pile, not directly from the spontaneous source.

If the sample has some extent, with quasi-criticality, it will mainly see particle distributions proper to the pile cross sections and
almost independent of the spontaneous source.

In a nuclear fission reactor, the particles are neutrons, the pile contains uranium or plutonium, multiplicative scattering is
mainly neutron induced fission of uranium 235 or plutonium 239 nuclei and also the (n,2n) scattering on some materials; the (@,
n) reaction makes a spontaneous source, an extraneous source can be made of a piece of spontaneously fissile californium 252.
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The detector can be a fission or boron ionization chamber (involving ion transport).

6. Experiment model

The collision probability model based on {3, 2, 16} is completed with a geometry: each experimental function, numbered from 2
to 5 in section 5, is localized in one dressed sphere, so that four small dressed spheres occur, as in subsection 4.6. The pile,
numbered 1, is represented by a large sphere surrounding all the others, although its precise boundary does not really count
(but its volume counts). The quasi-critical limit k » 1 must be allowed.

In the most symmetric position, the regular tetrahedron (see subsection 1.3), the anisotropy (see subsection 4.6) vanishes .

6.1. Configure

Reference material and geometry:

"Pile" .04 1.01850 0O (0] (] (0} 1 o
’ 2 1

"Sample " 3 .5 [¢] [¢] 0 = Ve .12 .3

1 1

In{75]:= materialGeometryl = "Control " 3 .5 0 v 0 e .12 .3 |y

"Detector " 3 .5 0 - 3 13 % -3 11/3 .12 .3

1 1 1
"ExtraSource " 3 .5 1 - -~ -3 -3 Ve .12 .3

The pile has no dressing, so that rs does not exist (the placeholder 0). x;, y;, z; do not count and are only used in graphics as
a visual reference. Since dressing is a model option, not a physical feature, the ¥, k, q of dressing should be those of the pile,
hence not independent, although technically they can be perturbed. Without dressing, last column is not used and can be
dropped.

i - - TableForm [materialGeometryl ,

TableHeadings - {Range @5, {"region", Zi, Ki, Gi, Xi, Vi, Zis Vi, rai}}]

region 24 K4 di X4 Yi Z; ri M4
1 Pile 0.04 1.0185 0 0 0 0 1 o
2 1
2 Sample 3 0.5 0 0 0 . 0.12 0.3
p 3 246
Out » }/TableForm= 1 1

3 Control 3 0.5 0 = 0 - 0.12 0.3
3 2 /6

4 Detector 3 0.5 0 pp— L p— 0.12 0.3
243 2 2 4/6

5 ExtraSource 3 0.5 1 pp— -2 -4 0.12 0.3
243 2 2 4/6
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configureExperiment ::missingValues =

"Missing values : one column missing in material and geometry matrix,

probably the last with dressing radii.";
Clear @ configureExperiment ;
configureExperiment [OptionsPattern [{
toPerturb - {},
materialGeometry - materialGeometryl |,
dressing - Truel]] := Catch @(
Options @buildExperiment = {
(x»tunnel :x)
toPerturb - OptionValue @ toPerturb ,
With [{
dressingl = OptionValue @dressing ,
materialGeometryl = OptionValue @materialGeometry },
If[dressingl && Last @Dimensions @materialGeometryl <9,
Message [configureExperiment ::missingValues ]];
Sequence @@ {
dressing - dressingl ,
(*same option name with different format :%)
materialGeometry -
(*make list of rules from matrix :x)

({names - First @#, Sequence @@ Flatten @{

67.nb

(xRest/@*)MapThread [threadRule [H#1][H#2] &, {{x, Yy, z}, Take[H#, {5, 7T}}],

threadRule [r]@ Join|

Extract [#, 8], If[dressingl , Extract [, 9, Rest], {}]],

MapThread [threadRule [H#1][#2] &,

{{Z, k, a},
If[dressingl ,

Join[#, Table[First @#, Length @# - 1]], #] &/@ Take[#&, {2, 4}1}]

}} 4@ Transpose @ materialGeometryl )}],
graphics - True,
(xthis purely graphical effect :x)checkShadow - False,

beyondGraphics - (xruse False to debug graphics :%)True,

probabilityModel - (xsupports thick regions :x)probabilityModel4

checkNonNegative (xdiagonal probabilities %) -» True,

(xmodel x)internals (xthat you can't directly observe ) -» True,

method - LinearSolve ,
simplifyTime - 10

}s)

- configureExperiment [toPerturb - {k,, Z3}]
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6.2. Build
- - Options @ buildExperiment
oulf = = {toPerturb - {ka, %3}, dressing - True,

materialGeometry - {names - {Pile, Sample , Control , Detector , ExtraSource }, x; » 0,

1 1 1 1 1
X220, X3 > ——, Xg > -———, X5 > - > Y120, y250,y3>0,y4> —, ys>-—,
3 2 /3 243 2
2 1 1 1 1
Z] > 0, Zy > - - y Z3 O - y Z4 > - y Z5 > — s M1 > l, ro = 0.12,

3 246 2 46 2 /6 2 46
r3 > 0.12, ry>0.12, r5s > 0.12, rg > 0.3, r; > 0.3, rg> 0.3, rg-> 0.3, Z; » 0.04,
5, 53,535 3,5%5,-53,5%5>3,5%5>0.04,5;,>50.04,353>0.04, 59> 0.04, k;y > 1.0185,
ko » 0.5, k3 > 0.5, kg > 0.5, ks » 0.5, kg » 1.0185, k; » 1.0185, kg » 1.0185,

kg > 1.0185, 91 >0, 250, 93>0, 9s>0,9s>1,9ds~> 0, g7 > 0, g > 0, QQ_’O};

graphics - True, checkShadow - False, beyondGraphics - True,
probabilityModel -

-1+n
Pij - expM[Z Zajk] (- X[= 1 + K]+ x[K]) + 25 x[l]] Vj XExpM1[g; (di - x[- 1 + n])] /(4 mdij?(dij-xl-1+n]),
k=2

checkNonNegative - True, internals - True, method - LinearSolve }

Prepare everything (even the graphics), leaving only the perturbed parameters as symbols to be replaced at run time. Perturba -
tion theory: the fewer elements change, the faster the computation.

In[79]:= buildExperiment ::toPerturbNotList =
"toPerturb must be List even 1if it has only one element .";
buildExperiment ::internalsIgnored =
"You can't get -internals 1if not beyondGraphics .";
buildExperiment ::firstIsPile =
"Warning : first region considered as pile should be named \"Pile\".";
buildExperiment ::anisotropyNotSymmetric =
"Warning : anisotropy matrix not symmetric .";
Clear @buildExperiment ;
(xOptionsPattern [] cannot take Options from last step :%)
buildExperiment @option : (_Rule | _RuleDelayed )... :=

(xfor debbugging , Throw what you want to see:%)

Catch @

Options @ runExperiment = Flatten @Rest @ Reap[
with|{
toPerturbl = toPerturb /. {option}/. Options @buildExperiment ,
(xmaterial and geometry suboptions :x)
materialGeometryl = materialGeometry /. {option}/.

Options @ buildExperiment
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b

Switch [(xmust be list even with only one element x)
toPerturbl , Except @_List,
Throw @ Message [buildExperiment ::toPerturbNotList ][;
(*tunnel to next step :x)
Sow @ {toPerturb - toPerturbl ,
(xreference values of perturbed parameters are the only material
and geometry -+information directly passed to run:x)
FilterRules [materialGeometryl , toPerturbl ]};
W'ith[{
(*perturbed parameter values must not be used now because they
may change at run timesx)
optionsl = FilterRules [{option}, Except @Apply[Alternatives , toPerturbl ]]},
With|
{options2 = FilterRules [materialGeometryl ,
Except @Apply [Alternatives , toPerturbl ]]},
With [{
layoutl = MapIndexed [{ttl, Apply [Sequence , {{Xa, Y1, Za}, H} &@only @ H2]} &,
names /. optionsl /. options2 ] /. optionsl /. options2},
(rexample Tlayoutl ==
{{"Pile",{0,0,0},1},{"Sample ",{0,0,1},2}...})
w-ith[{
(xnumber of spheres except the pile:x)
nO = Length @ layoutl -1,
detectorl = only @Cases[layoutl , {"Detector ", _ , n_Integer }:» n],
distances = ((xfirst must be pilex)
If[layoutl [[1, 1]] =l= "Pile", Message [buildExperiment ::firstIsPile ]];
Apply [dyuy &, Sort[Last /@ H#1]] » EuclideanDistance @@ First /@ # & /@
Subsets [Rest /@ Rest @ layoutl , {2}]),
dressingl = dressing /. optionsl /. Options @buildExperiment ,
methodl = method /. optionsl /. Options @buildExperiment ,
internalsl = internals /. optionsl /. Options @ buildExperiment },
If[graph'ics /. optionsl /. Options @ buildExperiment ,
Sow @ {
planeView - (If['internals /. optionsl /. Options @buildExperiment , #,
# /. GrayLevel i ™ (*all white since fluxes unknown :x)
GrayLevel @1 /. optionsl /. options2
] &@Hold [Graphics ][{
{style[Disk @##t, GrayLevel ,], Circle @it} &@
Sequence [Most @ layoutl [[1, 2]], ril,
Text[StringTake [layoutl [[1, 1]], 1]<> "1", {&#, #} &[.9 r,]],
Arrow [{{t, H} &[.85 ril, {&, H} &[Sqrt @2 /2 ri]},
W'ith[{checkShadowl = checkShadow /. optionsl /.
Options @buildExperiment },
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If[checkShadowl ,
(*If z2 is perturbed , it is not known now => Hold :x)
Hold @ Composition [Rest /@ & &, SortBy [#, 1. First[#] &] &],
Identity ][Function [{label, center , i},
{
(*add z for sorting %)
If[checkShadowl , Last @ center ,
Unevaluated @ Sequence []],
If[dressingl , Apply [Sequence ,
{style[Disk @ttt , GrayLevel ;, 0],
Style[Circle @ttt , Dashed |} &@
Sequence [Most @ center , r1-+n0]],
Unevaluated @ Sequence [1],
Apply [Sequence , {Style[Disk @## , GrayLevel ;],
Circle @Htt} &@ Sequence [Most @ center , r;l],
Style [{Text[StringTake [label, 1] <> ToString @1,
Most @ center |,
If[dressingl , Text[ToString [i +no],
Most @ center +{(r;+ ri,s)/2, 0}],
Unevaluated @ Sequence []]}, Background - White]}] @@
# &I@
Reverse @Rest @ layoutl ]](*,
Text[Grid[Reverse @Drop [#,{2}]&/@SortBy [layoutl ,Last],
Frame »False ,Spacings »1,Alignment ->Left],
ri1.05{-1,-1},{-1,-1}]%)} /. optionsl /. options2 ])
Hs
If[Not[beyondGraph'ics /. optionsl /. Options @ buildExperiment ],
If[internalsl , Message [buildExperiment ::internalsIgnored ]],
with [{

no
volumes = threadRule [V][(*p'ile contains others :%)4/3 {r13 - Z Fia’s
i=1

Sequence @@ Table[ri+13, {i, ne}], Sequence @@
If[dressingl , Table[ri,,l,,n@?’— riv, {i, ne}], (}]}] /. optionsl /.
options2 },
With[{expandProbability3 =
expandProbabilityl [probab'i'L'ityModel /. optionsl /.
Options @buildExperiment , n@, dressing - dressingl ] o
volumes /. distances /. optionsl /. options2},
with[{
expandProbability4 = Map[t /. (P; ; - {mean_, _}):= P;j > mean &,
expandProbability3 , {2}],

anisotropyl = Map[# /. (P; j » {_, meanDeviation_ }) =
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a;j » meanDeviation &, expandProbability3 , (2}],
dim = If[dressingl , 2, 1]n@ + 1},
With[{expandProbability5 = simplify [simplifyTime /. optionsl /.
Options @ buildExperiment , "Pij"]@
MapThread [Sort @{#1 /. #2, Sequence @@ H2} &, {
(*Simplify @+)solveDiagonal [dim, checkNonNegative -
(xto save ByteCount , will check numerically at run:x)
False],
expandProbability4 }],
anisotropy2 =
(+fill the diagonal :x)Map[Last, &, {2}] &
MapThread [Sort @« Append , {, threadRule [a]
(xpessimistic estimate :x)(xTotal x)
0 &/@ Map[Last , #, {2}]]/. a; - a;i}] &@anisotropyl ]
}s
If[Not @ And @@ Map[H == 0 &, Flatten @
Chop[anisotropy2 - Transpose @ anisotropy2 ]|,
Message @buildExperiment ::anisotropyNotSymmetric ];
If[internalsl ,
Sow @ {
(xtunnel :%)
detector - detectorl ,
dressing - dressingl ,
(* s tunnel.. %)
stochasticMatrix - Map[Last, expandProbability5 , {2}],
reciprocitySUTMatrix -
(Table[ReleaseHold @reciprocity , {i, dim-1}, {j, i+ 1, dim}] /.
Flatten @ expandProbability5 /. volumes /. optionsl /.
options2 ),
anisotropyMatrix - (anisotropy2 /. volumes /. optionsl /.
options2 )}
15
If[checkNonNegat'ive /. optionsl /. Options @ buildExperiment ,
(r*can be used even if not 1internals %)
Sow[stochast'icMatr'ixD'iagonal - Last /@

Diagonal @ expandProbability5 ];

W'ith[{matr'ixVectorl = Transpose @ (xreplace by line 1is enough %)
MapThread [ReplaceAll , {
Transpose [matrixVector [dim, method - methodl]/. optionsl /.
options2 ],
If[methodl === Inverse,
(xreplace only by number or else ByteCount

is too large :x)Select [, NumberQ @ Last] & /@ H,

|47
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b=
] ¥@Transpose @ expandProbability5 }]},
With[{solutionVector = Switch[methodl , ,
Hold [Apply ][
LinearSolve , matrixVectorl ],
’
(*don't replace the Pij yet to save ByteCount
if no -dnternals %)
Map[(xhangs %)(xSimplify ) Identity , Print @ "Solving ";
Inverse @First @matrixVectorl .Last @matrixVectorl ],
b
Hold[FixedPoint ||
Function [Plus[matrixl .#, vectorl]] /.
{matrixl - First @matrixVectorl , vectorl -
Last @matrixVectorl }, Table[0, dim]]
Its
With[{
replaceProbabilities = Function [Composition [
(Print @ "Replacing "; ReplaceAll @##) &
#, Flatten @ expandProbability5 ]]},
If[Not @ internalsl ,
Sow @ {observable - If|
methodl === Inverse ,
(vhangs if perturb xx)simplify[70, "after replacing "]@
replaceProbabilities @
(xhangs , try factoring polynomials ?x)
solutionVector [[detectorl ]],
Hold[Part][solutionVector , detectorl ]
Its
Sow @ {
solution - If[methodl === Inverse , threadRule [R]@
(vhangs if perturb xs)simplify [500,
"after replacing "]@ replaceProbabilities @
solutionVector , Hold[Thread ][
Table[R;, {i, dim}] » solutionVector ]|,
(xsave ByteCount or Timing => use solutionVector
only once =>
use solution dinstead =>
run will need to apply rules one more timezx)
observable - Hold[ReplaceAll ][Rgetector1, SOlution ],
fluxes - Hold[ReplaceAll ][Table[R;/(V; Z;), {i, dim}]/.
volumes /. optionsl /. options2 , solution ],
amplificationMultiplication - Hold[ReplaceAll ][
expandSum [{IR| /1q], E}, dim] /. optionsl /. options2 ,



solution ]}]]]]]]]]]]]]]]]:

- - configureExperiment [toPerturb - {k,, Z3}]

Default options can be overridden, for flexibilty:

- - buildExperiment [toPerturb - {k,, ks}]

- - toPerturb /. Options @ runExperiment
our - - {ka, Kz}
or inherited, for brevity:

- - buildExperiment []

toPerturb /. Options @ runExperiment

ouf - - {Ka, Z3}

6.3. Run
nz20p-  configureExperiment [toPerturb - {k;, Z3}]
nz21i-  buildExperiment [simplifyTime - 0]

n@22;-  First /@ Options @ runExperiment

oupzzel-  {toPerturb , £3, k,, planeView , detector , dressing , stochasticMatrix ,
reciprocitySUTMatrix , anisotropyMatrix , stochasticMatrixDiagonal

solution , observable , fluxes , amplificationMultiplication

}

)
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nz2s-  Options @ runExperiment [/ Short[#, 30] &

Out[323]//Short= {toPerturb - {ky, 23}, Z3 > 3, ky » 0.5,

planeView - Hold[Graphics ][{{Style[D‘isk[{O, 0}, 1], GrayLevel ,], Circle[{0, 0}, 1]},

1 1
Text[Pl, {0.9, 0.9}], Arrow[{{o.ss, 0.85}, {E’ E}}]’
1 1 1 1
{{Style[D'isk[{— 2 ﬁ s —;}, 0.3], GraylLevel 9], Circle [{— 3 ﬁ s —;}, 0.3],
1 1 1 1
Style[D'isk[{— 3 ﬁ , —;}, 0.12], GraylLevel 5], Circle [{— ﬁ s —;}, 0.12],
frexcfes, { ——= - )} rexelo )
Text|E5 - -— Text|9 -0.0786751 , - —
) 2 \/g b 2 ) b ) 2 )
1 1 1 1
{Style[Disk[{— 3 ﬁ s ;}, 0.3], GraylLevel 8], Circle [{— 3 \/g s g}, 0.3],
1 1 1 1
Style[Disk[{— 3 ﬁ s ;}, 0.12], GraylLevel 4], Circle[{— 3 \/g s ;}, 0.12],

1 1

{Text[o4, {- = ;}], Text[s, {-0.0786751 , ;}]}},

1 1
{Style[Disk[{E, 0}, 0.3], GraylLevel 7], Circle [{E, 0}, 0.3],

1 1
Style[Disk[{E, 0}, 0.12], GraylLevel 3], Circle [{—3, 0}, 0.12],
{Text[c3, {?, 0}], Text[7, {0.78735 , e}]}}, {Style[Disk[{0, 0}, 0.3], GrayLevel ],
3
Circle[{6, 0}, 0.3], Style[Disk[{®, 0}, 0.12], GrayLevel ,],

Circle{@, 0}, 0.12], {Text[S2, {0, 0}], Text[6, {0.21, 0}]}}}}],

«7>, observable - Hold[ReplaceAll ][R4, solution],
fluxes -

Hold[ReplaceAll ][

138.155 R
{6.00985 Ry, 46.0518 R, ——————

, 46.0518 R4, 46.0518 Rs,
I3

236.163 Rg, 236.163 Ry, 236.163 Rg, 236.163 Rg}, solution |,

amplificationMultiplication - Hold[ReplaceAll ][{Ry+ R, +R3+ R4+ Rs+Rg+R7+Rg+Rog,

(1.0185 Ry +kyRy+ 0.5 R3+ 0.5 Ry+0.5 Rs + 1.0185 Rg+ 1.0185 Ry + 1.0185 Rg+ 1.0185 Ro)/
(Ry+ Ry + Rz + Ry + Rs + Rg + Ry + Rg + Ro)}, solution ]}
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nsiel-  solution /. Options @ runExperiment // Short[#, 12] &

ougieysnot-  Hold[Thread J[{R1, R2, R3, R4, Rs, Rg, R7, Rg, Rg} » Hold[Apply][LinearSolve ,
{{-0.0169847 , 0.0181974 , 0.0181974 , 0.0181974 , 0.0181974 , 0.158509 , 0.158509 ,
0.158509 , 0.158509 }, «7>», {0.00403372 , 0.000183362 , 0.000183362 ,
0.000183362 , 0.00265583 , 0.000996799 , 0.000996799 , 0.000996799 , -0.176489 }},
{-0.0363948 , -0.000815923 , -0.000815923 , «4>», -0.000366724 , -0.00531166 }}]]

Replace the perturbed parameters by numerical values, do some tests (optional but safer), and solve (or apply the general
solution already obtained), as fast as possible:

runExperiment ::negativeProbability = "probabilities can't be normalized ";
runExperiment ::negativeFlux = "supercritical negative flux";
Clear @ runExperiment ;
runExperiment @
option :
(> _?2(*non numeric see FindRoot documentation Examples possible -issues :¥)
NumericQ) ... :=
Catch [(Opt'ions @ reportExperiment = DeleteCases [Flatten @#H2, x_ - Xx_];
#1) & @@ Reap|
(»tunnel :%)
Sow @ {
detector - (detector /. Options @ runExperiment ),
dressing - (dressing /. Options @ runExperiment )
b
(* :tunnel %)
With[{optionsl = (xperturbed parameters :x)
FilterRules [{option}, Apply[Alternatives ,
toPerturb /. Options @ runExperiment ]},
With[{stochasticMatrixDiagonall =
stochasticMatrixDiagonal /. optionsl /. Options @ runExperiment /. optionsl /.
Options @ runExperiment },
Switch [(xnot list if build[checkNonNegative —False]:x)
stochasticMatrixDiagonall , _List,
If[hasNegativeElement @ stochasticMatrixDiagonall |,
Message @ runExperiment ::negativeProbability ]]];
Sow @ {
(xrepeated rules easier for debug :%)
stochasticMatrix -
(stochasticMatrix /. optionsl /. Options @ runExperiment /. optionsl /.
Options @ runExperiment ),
reciprocitySUTMatrix -
(reciprocitySUTMatrix /. optionsl /. Options @ runExperiment /. optionsl /.
Options @ runExperiment ),
anisotropyMatrix -

(anisotropyMatrix /. optionsl /. Options @ runExperiment /. optionsl /.
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Options @ runExperiment )};
With[
{solutionl = ReleaseHold [
solution /. optionsl /. Options @ runExperiment /. optionsl /.
Options @ runExperiment ]},
Sow @ {
(*solution vector %)
collisionRates - Map[Last, solutionl ],
amplificationMultiplication -
ReleaseHold [
amplificationMultiplication /. optionsl /. Options @ runExperiment /.
solution - solutionl /. optionsl /. Options @ runExperiment ]};
With][
{fluxesl = ReleaseHold |
fluxes /. optionsl /. Options @ runExperiment /. solution - solutionl /.
optionsl /. Options @ runExperiment ]},
Sow @ {
fluxes - fluxesl ,
planeView - ReplaceAll |
planeView /. optionsl /. Options @ runExperiment /.
threadRule [GrayLevel ][
Map[GrayLevel , If[Quiet[hasNegativeElement @ fluxesl,
{Select ::normal}],
Message @ runExperiment ::negativeFlux ;
(*all white :%)
1&@H &,
rescalelog [H#, grayLevellInterval ] &
]@ fluxes1 ]
] /- optionsl /. Options @ runExperiment , Hold - Identity ]}];
ReleaseHold [
observable /. optionsl /. Options @ runExperiment /. solution - solutionl /.

optionsl /. Options @ runExperiment ]

1111

Just as in reality, the observable is raw number (all the rest is interpretation):

@24 runExperiment []

ouz24l-  0.660061

In[3z toPerturb /. Options @ runExperiment

il
o
i

- {ka2, Z3}

Out[3:

h¥]
G

nzze;-  Thread [(toPerturb /. Options @ runExperiment ) - {1, 3}]

ouazel- {kp » 1, 3 > 3}

N
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n@29-  runExperiment [k, » 1, Z3 - 3]
runExperiment : supercritical negative flux

ouzegl- -0.235428

nzs0p=  runExperiment [k; » .9, I3 - 3]

ou3so- 33.0008

6.4. Feedback

3= configureExperiment [toPerturb - {x;, Z3, z,}]
nzszi-  buildExperiment [internals - True, simplifyTime - 0]

n@ss-  First /@ Options @ runExperiment

0Out[333]= {toPerturb y X2, Z3, 23, planeView , detector , dressing , stochasticMatrix ,
reciprocitySUTMatrix , anisotropyMatrix , stochasticMatrixDiagonal |,

solution , observable , fluxes , amplificationMultiplication }

nge4a- X3 /. Options @ runExperiment

out3z4- 3
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(*runExperiment [opt'ion_ , feedback »None |feedback :->None]:=runExper'iment @option ;
*)
runExperiment ::wrongControl =
"Only a perturbed parameter can be used for feedback .";
runExperiment ::cannotControl =
"Feedback requires at least two perturbed parameters .";
(*findRoot can be FindRoot or bisection for example :x)
runExperiment [option__ ,
feedback :» findRoot_ [{feedbackParameter_ , init__}, optionl__ ]] :=
With[{toPerturbl = toPerturb /. Options @ runExperiment },
Which[Not @MatchQ [feedbackParameter , Apply[Alternatives , toPerturbl ]],
Message @ runExperiment ::wrongControl ,
Length @ toPerturbl < 2,
Message @ runExperiment ::cannotControl ];
with[{
option2 = Sequence @@ FilterRules [{option},
Alternatives @@ DeleteCases [toPerturbl , feedbackParameter ]|,
RO = runExperiment [],
option3 = AccuracyGoal - $MachinePrecision /2
}s
With[
{root = only @ findRoot [runExperiment [option2 , feedbackParameter - root ]-R0,
{root, init}, optionl, option3]/. root » feedbackParameter },
(xpossible optional <improvement of next
guess : assuming that parameters vary continuously as with Manipulate ,
update Options @run with last used parameter values %)
Options @ reportExperiment =
Join[FilterRules [Options @ reportExperiment |,
Except [feedbackRoot | feedbackSuccess ]|, {feedbackRoot - root,
feedbackSuccess - Abs[runExperiment [option2 , root]-R0] <
10 A (- AccuracyGoal /. {optionl} /. {option3})}|;
Last @ root

1

nsssi-  runExperiment [x; » .5,

feedback :» FindRoot [{Z3, Z3 /. Options @ runExperiment , .5, 5}, AccuracyGoal - 13]]

out33s- 3.31386

nase)- {feedbackRoot , feedbackSuccess }/. Options @ reportExperiment
oupsel- {3 » 3.31386 , True}

Impossible accuracy goal:
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nssei-  runExperiment [x; -» .5,

feedback :» FindRoot [{Z£3, Z3 /. Options @ runExperiment , .5, 5}, AccuracyGoal - 20]]

FindRoot : The line search decreased the step size to within tolerance specified by AccuracyGoal and
PrecisionGoal but was unable to find a sufficient decrease in the merit function . You may need more than

MachinePrecision  digits of working precision to meet these tolerances .

oussgl- 3.31386

In[338]:= {feedbackRoot , feedbackSuccess }I. Options @ reportExperiment

oufsagl- {£3 » 3.31386 , False}
Impossible problem:

ns40-  runExperiment [x, » .7, feedback » FindRoot [{Z3, Z; /. Options @ runExperiment , .5, 5}]]
runExperiment : supercritical negative flux
runExperiment : supercritical negative flux
runExperiment : supercritical negative flux
- General : Further output of runExperiment ::negativeFlux will be suppressed during this calculation .

FindRoot : The point {0.5} is at the edge of the search region {0.5, 5.} in coordinate 1 and the computed search

direction points outside the region .

ouzao- 0.5

ngs11-  {feedbackRoot , feedbackSuccess }/. Options @ reportExperiment
oufsil- {£3 » 0.5, False}
The feedback parameter (by default the last perturbed parameter) can be changed to any perturbed parameter:

runExperiment [x; » .25,
feedback =

FindRoot [{(*m'istake , not perturbed :#)z;, z3 /. Options @ runExperiment , -.5, 5}]]
runExperiment : Only a perturbed parameter can be used for feedback .

FindRoot : Value z3 in search specification {root, zs /. Options [runExperiment ], -0.5, 5} is not a number or array

of numbers .

FindRoot : The variable z3 cannot be localized so that it can be assigned to numerical values .
oupsz-  FindRoot [runExperiment [Sequence [x; » 0.25], z3 » z3]- 0.660061 ,
{z3, z3 /. Options [runExperiment ], -0.5, 5}, AccuracyGoal - 7.97729 ]
ns44-  runExperiment [x, » .25, feedback :» FindRoot [{z,, z, /. Options @ runExperiment , -.5, 5}]]

oua4- 0.610637
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Timing
ns47-  runExperiment [x; » .5, feedback :» FindRoot [{Z3, Z; /. Options @ runExperiment , .5, 5}]]/
Timing
ou7-  {0.976578 , 3.31386}

Slower with internals:

ina4s;-  buildExperiment ['interna'ls - False, simplifyTime - 0]

ingse)-  runExperiment [x; » .5, feedback :» FindRoot [{Z3, Z; /. Options @ runExperiment , .5, 5}]]/
Timing
ouzag-  {0.354079 , 3.31386}

To speed up root finding without losing internals for report, cheat Options@runExperiment (with dynamical scoping or block):

nssa-  buildExperiment [internals - True, simplifyTime - 0]

inzssi- With[{savedOptions = Options @ runExperiment },

Options @ runExperiment =

FilterRules [savedOpt‘ions » {toPerturb , Apply[Sequence , toPerturb /. savedOptions ],
(*no test faster :#)(xstochasticMatrixDiagonal ,x)solution , observable }];

Print|[
runExperiment [x; » .5, feedback :» FindRoot [{Z3, Z3 /. Options @ runExperiment , .5, 5}]]/
Timing];

Options @ runExperiment = savedOptions ;

]

{0.216544 , 3.31386)

Same outside of block:

inssel-  runExperiment [x; » .5, feedback :» FindRoot [{Z3, Z; /. Options @ runExperiment , .5, 5}]]/
Timing

ouzss-  {0.991131 , 3.31386)

6.5. Report

configureExperiment [toPerturb - {x;, I3, Z,}]

buildExperiment [internals - True, simplifyTime - 0]

Purposely bad case:
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runExperiment [x, » .7, feedback :» FindRoot [{Z;, Z3 /. Options @ runExperiment , .5, 5}]]
{feedbackRoot , feedbackSuccess }I. Options @ reportExperiment

runExperiment : supercritical negative flux
runExperiment : supercritical negative flux
runExperiment : supercritical negative flux
- General : Further output of will be suppressed during this calculation .

FindRoot : The point {0.5} is at the edge of the search region {0.5, 5.} in coordinate 1 and the computed search

direction points outside the region .

outzs9= 0.5

ouzeol-  {£3 » 0.5, False}

nset- First /@ Options @ reportExperiment

oupsi- {detector , dressing , stochasticMatrix , reciprocitySUTMatrix |,
anisotropyMatrix , collisionRates , amplificationMultiplication |,

fluxes , planeView , feedbackRoot , feedbackSuccess }

Generate a nice report:

In[280]:= reportExperiment ::shortIgnored = "Without dressing , all -dinternals are shown."
Clear @ reportExperiment ;
reportExperiment @ OptionsPattern [
short - False] := Catch @ReleaseHold [Hold|[
(xglobal Tlayout :%)
Column [{(xPijR® #)H3,
Row[{Column [{
(*RIq k#)H2,
(xanisotropy *)H5,
(+BarChart x4}, Alignment - Center , Spacings - 0], Spacer @0,
(xplaneView x)H1, Spacer @0
H} «@@ #, Alignment - Left, Spacings - 0] &@
(»flat Llist of +ditems to return :x)
{
Graphics @
Append [Replace [planeView , _Symbol - Graphics @{Text @"missing plane view"}], {
ImageSize - {H#, H} &@230, Axes -» True, AxesLabel - {"x", "y"},
Ticks - None,
ImagePadding - {{10, 20}, {10, 20}}, PlotRange - 1.03 {{-1, 1}, {-1, 1}}}],

Apply [Sequence , Switch [amp'h'ficat'ionMu'l.t'ip'l.'icat'ion , _Symbol ,
Table["missing value", {Length[Hold /@ Unevaluated @#]}], _, #]] &@

Unevaluated [

{

Style[#, FontSize - 13]&@
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Grid[{{"IRI/Iq|", "E"}, {constantLength [#1, 6], constantLength [H2, 5]} & @@

amplificationMultiplication }, Frame - All, Spacings - {Automatic , .3}],

With[{dim = Length @First @#]},
with[{
ne = (dim - 1) / If[dressing , 2, 1],
shortl = OptionValue @ short && If[Not@dressing 5
Message @ reportExperiment ::shortIgnored ;
False, True]
}» Composition [
Pane[t, {Automatic , 130}, Alignment - Bottom] &,
Style[#, FontSize - If[OptionValue @short, 13, 11]] &,
Grid[#, (rgray background for the observable ,
where reciprocity failss)Background -
{None , None , Append [Rule[#, GrayLevel @ .6] &/@ Join|
(xdiagonal for TLlisibility :x)
Table[{i, i}+1, {i, dim}],
(~where reciprocity fails :+)Apply[Sequence ,
{tt, Reverse /@ H} &[Cases [, (x_ » False) = x+{1, 1}] &@
Flatten [#, 1] &@ MapIndexed [
{0, Last @#} + First @& &@H2 » #1 &, #, {2}] &@
If[shortl, Drop[#, -n0, -n@] &, Identity ][
reciprocitySUTMatrix /. Options @ reportExperiment ]]]],
(robservable :%)
{1f[shortl ||Not @dressing , 1, 2] n@ + 3, detector + 1} - Which]
feedbackSuccess === True, Lighter @Green,
Head @ feedbackRoot === Rule, Lighter @Red,
True, Lighter @Orangel]},
Dividers - {{None, {True}, None}, {2 » True, -2 -» False,
-3 o True}},
Frame - False,
ItemSize - {Full, {Full, 1.2, {Full}, 1.2, 1.9}},
Spacings - {.2, {0, 0, {0}, 0, -.8, O}}] &,
(*number rows :%)
Composition [Transpose 5
Prepend [#, {"P;\;", Sequence @@ Range[Length @ First @# - 3],
"R;", "®;"}] &, Transpose ],
(xnumber columns :%)
Prepend [#, Range[Length @ First @#]] &,
(*add collision rates :%)
Append [, constantLength [, 5] &/@ Drop[fluxes ,
If[shortl, -no, None]]] &,
Append [, constantlLength [#, 4] &/@ Drop[collisionRates ,
If[shortl, -no, None]]] &,
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Map[constantLengthProbability , #, {2}] &,
If[shortl, Drop[#, -n@, -n@] &, Identity ]
]@#]] &@ stochasticMatrix ,

Panel [#, Style["dB[®;/®,]", FontSize - 11], Bottom , ContentPadding - False,
Background - White]&@
Pane[If[And @@ Positive /@ fluxes , dBBarChart [fluxes ,
AxesLabel - {"j", None}, AxesOrigin - {Automatic , 6},
PlotRange - {Automatic , (xAutomatic x){-12, 8}}, Background - White]],
{200, 100}],

Composition [Pane[#, {Automatic , 30}, Alignment - Bottom] &,
Style[#, FontSize - 11] &]@
Gr'id[L'ist @{"anisotropy ", constantLength [#, 3] &@Max @
Rest @ First[anisotropyMatrix ]}, Frame - All]

1

Hx/.{option}«) /. Options @ reportExperiment ]

nge2- reportExperiment []

Pivi| 1 2 3 4 5 6 7 8 9

97-2 | 40-4 | 12-4 |40-4 |40-4 |37-4 |53-4 |31-4 |31-4
31-3 [96=20| 27-5 [ 42-5 [42-5 |53-4 |61-5 [17-5 [17-5
57-3 [16-4 [j93=2m| 11-4 |11-4 [82-5 |72-4 |50-5 |50-5
31-3 [42-5 | 18-5 [j96=2m 82-5 |17-5 |37-5 |53-4 |37-5
31-3 |42-5 | 18-5 [82-5 [@&=2m| 17-5 | 37-5 |37-5 [53-4
14-2 | 27-3 | 70-5 | 85-5 [85-5 [j@2m2m| 20-4 |35-5 [35-5
21-2 [31-4 |61-4 [19-4 |19-4 |20-4 |[gzm=2m| 98-5 | 98-5
12-2 | 85-5 |42-5 |27-3 [19-4 | 35-5 | 98-5 [|84=2m| 98-5
12-2 | 85-5 [42-5 |19-4 [27-3 |35-5 [98-5 | 98-5 [|84=2

OCoOo~NoOOUuhWNE

el
i
A
A
A
=
~
N
A
A
A
A

IRI7Iql k
<[1.071

Out[362]=

anisotropy |.81 |

dB [®}/®,]

Without graphics or internals (for intensively looping functions like Plot, FindRoot):

nses-  buildExperiment [toPerturb - {Z,}, graphics - False, internals - False]

simplify : Simplifying Pij 10 seconds
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nsea-  First /@ Options @ runExperiment

oupes- {toPerturb , I, stochasticMatrixDiagonal , observable }
Run is fast:

inzee)=  runExperiment [] // Timing

ouzeel-  {0.000911 , 0.660061 }

nze7i-  buildExperiment [toPerturb - {X,, y,}, graphics - True, internals - True]
simplify : Simplifying Pij 10 seconds
simplify : Simplify failed time constraint

The starting point is stationary by symmetry, hence the initial divergence and only one solution is found:

nses)-  runExperiment [x; » .1, feedback » FindRoot [{y., y, /. Options @ runExperiment , -.5, +.5}]]

ouzesl- - 0.0716708

ngeei-  runExperiment [x; » 0.1, y, » -0.07167084653771753" |

ouzesl- 0.660061
The symmetric solution:

ns71-  runExperiment [x; » 0.1, y, » 0.07167084653771753" ]

ous71- 0.660061

na72-  reportExperiment []

Pivi| 1 2 3 4 5 6 7 8 9

O7-2 | 47-4 |49-4 |47-4 |45-4 |40-4 |42-4 |40-4 |37-4
36-3 [j95=20| 91-5 [81-5 | 71-5 |53-4 [42-5 |37-5 |31-5
38-3 |91-5 [j95=29| 82-5 | 82-5 |42-5 [53-4 |37-5 |37-5
36-3 | 81-5 [82-5 (5= 82-5 |37-5 [37-5 |53-4 |37-5
35-3 | 71-5 |82-5 [82-5 [j96=2W| 31-5 [37-5 |[37-5 | 53-4
16-2 |27-3 |22-4 | 19-4 | 16-4 [Bm=2m| 12-4 |[98-5 [78-5
17-2 [22-4 [27-3 | 19-4 |19-4 [12-4 [jgo=2m| 98-5 | 98-5
16-2 [19-4 |19-4 | 27-3 |19-4 |98-5 [98-5 [jgm=2m 98 -5
15-2 [16-4 |19-4 | 19-4 |27-3 | 78-5 [98-5 | 98-5 [j82=2
60.9 |.657 |.682 | .66 |2.47 |1.43 |1.44 |1.43 |1.48

=

OCoO~NOUDhWNRE

el
o

IRI/1q] k
71.16 | .9859

Out[372]=

| anisotropy | .14 |

Ofr——r - —T  T—T - T—T J
26 (374|859
—5
~10f

dB [®}/®,]
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niz73-  buildExperiment [toPerturb - {X2, Y2}, graphics - True, internals - Fa'Lse]
. simplify : Simplifying Pij 10 seconds
- simplify : Simplify failed time constraint
ns74-  runExperiment [x, » .1, feedback » FindRoot [{y, y, /. Options @ runExperiment , -.5, +.5}]]

oua7a- -0.0716708
Without internal, all that can be checked is the sample position:

n@7s-  reportExperiment []

missing value

missing value
missing value
missing value

Out[375}=

The Inverse methods works well with multiplication factor or spontaneous source (as opposed to cross section) perturbations,
because the stochastic matrix depends simply on them:

na7e-  buildExperiment [toPerturb - {d2, gs}, graphics - False, internals - False,

method - Inverse ]
- simplify : Simplifying Pij 10 seconds
Solving
Replacing
- simplify : Simplifying after replacing 70 seconds

and run is faster:

n379)=  runExperiment [] // Timing

ouz7el-  {0.000323 , 0.660061 }

nzeoj-  buildExperiment [toPerturb - {k3, gs}, graphics - False, internals - False,

method - Inverse ]
- simplify : Simplifying Pij 10 seconds
Solving
Replacing

.- simplify : Simplifying after replacing 70 seconds
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nge2-  runExperiment [] // Timing

ouzszl- {0.000354 , 0.660061 }

7. Consistency checks

As the experiment is simulated, it is its own model. Comparing the experiment and the model yields total agreement by hypothe -
sis. All that can be checked is the model self-consistency.

7.1. Reciprocity
Thick sample

inzsa-  configureExperiment [dressing - True,

"Pile" .04 1.01850 © (] (0] (] 1 [a]
2 1

"Sample " 9 .5 0 0 [¢] 373 e 12 .22

1 1

materi alGeometry - "Control " 3 .5 [¢] E 0 - N '\/E .12 .22 ]

"Detector " 3 .5 o -- i/? i - - i/E 12 .22

1 1 1
"ExtraSource " 3 .5 1 - -= - .12 .22

2 43 2 2 46

nzes-  buildExperiment [graphics - False]

- simplify : Simplifying Pij 10 seconds

nges-  runExperiment []

ouzssl- 0.227336

ngee- reciprocitySUTMatrix /. Options @ reportExperiment

ouzsel- {{False, True, True, True, True, True, True, True},
{False, False, False, False, False, False, False},
{True, True, True, True, True, True}, {True, True, True, True, True},

{True, True, True, True}, {True, True, True}, {True, True}, {True}}

The collision probabilities that failed the reciprocity test have gray background (the diagonal is always gray for reading support
but reciprocity can't fail there):



In[387]:=

out[387)=

reportExperiment [short - False]

1
2
3
4
5
6
7
8
9

el

-10

. 227 |2.06 |.147

IRI/lal | K
26.016 | .9616
anisotropy | < |

2 LGJD%’HTLQ o1 )

dB[®}/D]

Hane—view

67.nb |63
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inase}-  configureExperiment [dressing - False,

"pile"
"Sample "
materialGeometry - "Control "

"Detector "

"ExtraSource "

buildExperiment [graphics - False]
runExperiment []

reportExperiment []

. simplify : Simplifying Pij 10 seconds

ou3s9- 0.268697

2 3 4 5

98-2 |70-4 | 47-4 [47-4 |47-4
18-3 | 98-2 [40-5 [40-5 |40-5
36-3 |12-4 |96-2 [82-5 |82-5
36-3 |12-4 | 82-5 [96=2m| 82-5
36-3 |12-4 | 82-5 [82-5 [j96=2
28.5 | .401 |.269 [.269 [2.12
171.1 [6.163 [12.37 |12.37 [97.39

el
=
o

=

Floswn e

£

IRI/1q] K
31.529 [.9683

Out[390]=

|an'isotropy | <|

.04 1.01850

9

N

"9

N

- ﬁll—n (o)

@

N =

N =

=10

dB [®}/®,]

7.2. Linear solve

nges-  configureExperiment []

N

N
-
)

e

[N]

(o}

-

B

nses-  buildExperiment [toPerturb - {Z,}, graphics - False, internals - False]

. simplify : Simplifying Pij 10 seconds

n@esi-  runExperiment []

ou395- 0.660061

.12

.12

.12

.12

e
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Although the determinant is small, the solution is accurate:

IN[172]:= W'ith[

{matrixVector1i =

Echo[observable /. Options @ runExperiment /. Options @ runExperiment /.

Hold [Part][Hold [Apply J[LinearSolve , matrixVector_ ], 4] » matrixVector ]},

With [{solut'ion = LinearSolve @@ matrixVectorl },

Print @ solution ;

Print @Det @ First @matrixVectorl ;

Print [F'i rst @matrixVectorl .solution ];

Print @ Last @matrixVectorl ;
Print [F-i rst @matrixVectorl .solution - Last @matrixVectorl ]

1l

{{{-0.0169847 , 0.0181974 , 0.0181974 , 0.0181974 , 0.0181974 , 0.158509 ,
0.158509 , 0.158509 , 0.158509 }, {0.00483746 , -0.522627 , 0.000407961 ,
0.000407961 , 0.000407961 , 0.0277432 , 0.00191543 , 0.00191543 , 0.00191543 },

{0.00483746 , 0.000407961 , -0.522627 , 0.000407961 , 0.000407961 , 0.00191543 ,
0.0277432 , 0.00191543 , 0.00191543 }, {0.00483746 , 0.000407961 , 0.000407961 ,
-0.522627 , 0.000407961 , 0.00191543 , 0.00191543 , 0.0277432 , 0.00191543 },

{0.00483746 , 0.000407961 , 0.000407961 , 0.000407961 , - 0.522627 , 0.00191543 ,
0.00191543 , 0.00191543 , 0.0277432 }, {0.00403372 , 0.00265583 , 0.000183362 ,
0.000183362 , 0.000183362 , -0.176489 , 0.000996799 , 0.000996799 , 0.000996799 },

{0.00403372 , 0.000183362 , 0.00265583 , 0.000183362 , 0.000183362 , 0.000996799 ,
-0.176489 , 0.000996799 , 0.000996799 }, {0.00403372 , 0.000183362 , 0.000183362 ,
0.00265583 , 0.000183362 , 0.000996799 , 0.000996799 , -0.176489 , 0.000996799 },
{0.00403372 , 0.000183362 , 0.000183362 , 0.000183362 , 0.00265583 ,

0.000996799 , 0.000996799 , 0.000996799 , - 0.176489 }},

{-0.0363948 , -0.000815923 , -0.000815923 , - 0.000815923 , - 0.954746 ,

-0.000366724 , -0.000366724 , -0.000366724 , -0.00531166 }}

{60.8862 , 0.660061 , 0.660061 , 0.660061 , 2.48653 , 1.43211 , 1.43211 , 1.43211 , 1.48541}

-9.61206 x 1078

{-0.0363948 , -0.000815923 , -0.000815923 , -0.000815923 ,
-0.954746 , -0.000366724 , -0.000366724 , -0.000366724 , -0.00531166 }

{-0.0363948 , -0.000815923 , -0.000815923 , -0.000815923 ,
-0.954746 , -0.000366724 , -0.000366724 , -0.000366724 , -0.00531166 }

{1.38778 x 10717, -7.00395 x 107", -5.26922 x 107'7, -2.79724 x 187",
-2.22045 x 107'%, 3.18755 x 1077, 2.92735 x 1077, 5.44269 x 1077, 1.249 x 107'%)

LinearSolve warns when it runs on a bad case (see Mathematica documentation of LinearSolve) so I won't double check.

7.3. Dressing effects
Very thin dressing

npe7-  configureExperiment [dressing —»True]
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inses- Drop[threadRule [r][Table[.1201, {9}]], 5]

ouzegl- {re » 0.1201, r7 » 0.1201, rg» 0.1201, rg » 0.1201}

e  buildExperiment [Sequence @@ Drop[threadRule [r][Table[.1201, {9}]], 5]]

- simplify : Simplifying Pij 10 seconds

in400}=  runExperiment []

outi200l=  3.83799

No dressing

néo- configureExperiment [dressing - False]

in402;- buildExperiment []

. simplify : Simplifying Pij 10 seconds

in403= runExperiment []

outj403- 3.85203

Optimal dressing thickness

Perturb only one dressing radius:

in - - configureExperiment [dressing - True]

buildExperiment [graphics - False, internals - False, toPerturb - {rg(*,r7,rg,ro»}]

m- - rgl. Options @ runExperiment

ouf - - 0.3

- - runExperiment [rg » .32]

ouf - - 0.668004

n - - Plot[runExperiment [rg - r6], {r6, .125, .36}]

0.65

0.60

0.55
Out[ » ]=

0.50

0.45

0.15 0.20 0.25 0.30 0.35

Perturb all dressing radii together:
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- - buildExperiment [graph'ics - False, internals - False, toPerturb - {rg, r7, rg, rg}]

The stationary point, approximately 0.3, is the optimal dressing thickness :

Inf « Ji= P'Lot[runExper'iment [Sequence @@ Thread [{re¢, r7, rg, o} » Table[r6, 4111, {r6, .24, .32}]

0.74

0.72

Outl = 0.70

0.68

7.4. Anisotropy

inf - = configureExperiment []

- - buildExperiment [toPerturb - {}, dressing - True]
Simplifying Pij 10 seconds

By symmetry, the anisotropy should be and is almost zero:

- - Chop @MatrixForm [an'isotropyMatr'ix /. Options @ runExperiment ]

Out[ » J/MatrixForm=

[ol ol clN oM oMo oo Mo)
© 0 0 O 0O O o o o
© 0 O O O OO o o
(ol ol oo oMol clNoM o)
(ol ol clN oMo oM cINoMo)
© 0 0 O 0 o o o
© 0 0 O 0O O o o o
[l ol oo oM oMo lNoMO)
(ol ol ool oMol oo o)

Examine the anisotropy if the spheres are all translated along the z-axis to the x,y plane, that is to replace all z; by zero. Also, as
there is less room in plane, the dressing radius must be reduced to avoid error normalization error:

ni4o4-  configureExperiment []
buildExperiment [z; - 0, z3 > 0, Z4 » 0, Z5 > 0, rg> .2, r7 > .2, rg> .2, rog » .2]

runExperiment []
- simplify : Simplifying Pij 10 seconds
outia06l-  0.106335

a; 5 is symmetric because division by P;; eliminates the anisotropic factor V; Z;. aj; can be non zero only if it represents a

region appearing on more than one path: the pile 1 or some dressing (6,7,8,9). Casually, a;g is zero because each sphere other
than 2 has symmetric position with respect to sphere 2:
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i - ;- NumberForm [#, {4, 3}] &@ MatrixForm [Chop[anisotropyMatrix /. Options @ runExperiment ]]

[0] O 0.537 0.537 0.537 0 0.891 0.891 0.891
0 0 0 0 [0] 0 0
0.537 © [0] 0 0 0 0 0 0
0.537 © 0 0 [0] 0 0 0 0
outf « J/NumberForm= 0.537 0 (0] 0 0 0 0 (0] 0
0 0 0 0 [0] 0 0 0 0
0.891 0 0 0 [0] 0 0 0 0
0.891 0 0 0 [0] 0 0 (0] 0
0.891 0 0 0 [0] 0 0 0 0

in - = configureExperiment []
buildExperiment [x; » .05, z, 5 0, Z3 50, Z;, 50, Zs 50, rg=> .2, r7 > .2, rg= .2, rg » .2]

runExperiment []
Simplifying Pij 10 seconds

ouf - - ©.0955946

ay 5 is greater for dressing (j=6,7,8,9) than interior (j=2,3,4,5), because the distance differences between the 3 possible axes are

relatively greater:
n - - First[anisotropyMatrix /. Options @ runExperiment ]

ouf- - {8, 0.126121 , 0.622854 , 0.493664 , 0.493664 , 0.301765 , 1.02222 , 0.819358 , 0.819358 }

Probably the model should not be used for sphere positions such that « is greater than 1/10, so this quantity is reported as
"anisotropy":

n - - Max @ Rest @ Fi rst[an'isotropyMatr'ix /. Options @ runExperiment ]

ouf - - 1.02222

Constraining anisotropy is also a cheap way to avoid contact without watching the geometry.

8. Perturbation experiments
8.1. Open loop
8.2. Closed loop

Constant detection rate curves on open loop ContourPlot are equivalent to closed loop but for more precise results closed loop
requires solving a constant detection rate equation.

n411=  configureExperiment []

n412-  buildExperiment [toPerturb - {Z,}, graphics - False, internals - Fa'l.se]

runExperiment []
- simplify : Simplifying Pij 10 seconds

ou413-  0.660061

n427]= S2 =.



ns14-  Plot[runExperiment [Z; » s2]-1, {s2, 2.1, 4}]

2.0

1.5

1.0

Out[414]=
0.5

-0.5

n415:-  runExperiment [Z;, » s2]-1/. s2 » 3

outa15]-  -0.339939

Different methods are available:

nazel-  FindRoot [runExperiment [£; » s2]-1, {s2, 2.5}, Method - "Newton "]/ Timing

outi42sl-  {0.016333 , {s2 » 2.63086}}

néze)-  FindRoot [runExperiment [Z;, » s2]-1, {s2, 2.3, 3}, Method - "Brent"]/ Timing

ouazel  {0.010725 , {s2 > 2.63086 }}

nss0-  bisection [runExperiment [, » s2]-1, {s2, 2.3, 3}] // Timing

oui430-  {0.038655 , {s2 » 2.63086 }}

n - = buildExperiment [toPerturb - {Z,, k3}, graphics - False, internals - Fa'Lse]

n - - With[{R4 = runExperiment [], k3 = .5},

Plot[-R4 + runExperiment [Z; » s2, k3 » k3], {s2, 2.5, 4}]]

0.6

0.4

0.2
outf + J=

-0.2 -
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- - Clear @ s2fromk3 ;
s2fromk3 @k3_ :=
With[{R4 = runExperiment [},
s2 /. bisection [-R4 + runExperiment [Z; » s2, k3 » k31, {s2, 2.5, 4}]]

- - Plot[s2fromk3 @k3, {k3, .2, .95}]

3.8

3.6

3.4
Out[ » ]=

3.2

3.0

2.8
S S S T Y S S H REVRR MY T SRR

0.3 0.4 0.5 0.6 0.7 0.8 0.9

The right branch is erroneous:

- - s2fromk3 @ .9

LinearSolve : Result for LinearSolve of badly conditioned matrix
{{-0.016961 , 0.0182474 , 0.0327553 , 0.0181974 , 0.0181974 , 0.158509 , 0.158509 , 0.158509 , 0.158509 }, <7
>, {0.00403372 , «<7>,-0.176479 }} may contain significant numerical errors .

LinearSolve : Result for LinearSolve of badly conditioned matrix
{{-0.016961 , 0.0182474 , 0.0327553 , 0.0181974 , 0.0181974 , 0.158509 , 0.158509 , 0.158509 , 0.158509 }, <7
>, {0.00403372 , «<7>,-0.176479 }} may contain significant numerical errors .

LinearSolve : Result for LinearSolve of badly conditioned matrix
{{-0.016961 , 0.0182474 , 0.0327553 , 0.0181974 , 0.0181974 , 0.158509 , 0.158509 , 0.158509 , 0.158509 }, <7
>, {0.00403372 , «<7>,-0.176479 }} may contain significant numerical errors .

- General : Further output of LinearSolve ::luc will be suppressed during this calculation .
ouf - - 2.97712
- - Clear @ s2fromk3 3
s2fromk3 @k3_ :=
With[{R4 = runExperiment [},
s2 /. FindRoot [-R4 + runExperiment [Z; » s2, k3 » k3], {s2, 3}]]
n - - Plot[s2fromk3 @k3, {k3, .2, .95}]

our - - SAborted

9. Interpretation

Explain experimental results by reasoning and with partly analytic solutions.



9.1. Spontaneous source perturbations
- - configureExperiment [toPerturb - {q,, qs}]
- - buildExperiment [graphics - False, internals - False, method - Inverse]
Solving
Replacing
Simplifying
n - - Options @ runExperiment

ouf - - {toPerturb - {q2, qs}, 92 » 0, g5 > 1,
stochasticMatrixDiagonal - {0.96516 , 0.954746 , 0.954746 , 0.954746 , 0.954746 ,
0.808553 , 0.808553 , 0.808553 , 0.808553 }, observable - 0.660061 q,+ 0.660061 gs)

The general solution is a linear function of the perturbed parameters and the coefficients are equal by symmetry:

n - - observable /. Options @ runExperiment

our- - 0.660061 g, +0.660061 qs

n - - observable /. Options @ runExperiment

ouf - - 0.660061

- = runExperiment []

ouf - - 0.660061

9.2. Multiplication factor perturbations
Open loop

n4s1=  configureExperiment [toPerturb - {kj}]

ini432i-  buildExperiment [graph'ics - False, internals - True, method - Inverse]
- simplify : Simplifying Pij 10 seconds
Solving
Replacing
- simplify : Simplifying after replacing 500 seconds
n433- First /@ Options @ runExperiment

out[433]= {toPerturb , ko, detector , dressing , stochasticMatrix |,
reciprocitySUTMatrix , anisotropyMatrix , stochasticMatrixDiagonal |,

solution , observable , fluxes , amplificationMultiplication }

Homographic non-linearity:

67.nb |71
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n434p-  solution /. Options @ runExperiment

46.8482 -44.7236 ki 0.265455 0.507877 - 0.484845 k,
Out[434]= {Rl - , Ro > , Rz » ,
0.902167 -1. ky 0.902167 -1. k; 0.902167 -1. k;
0.507877 -0.484845 k, 2.15566 -2.31131 k, 1.09485 -1.0378 ky
Rgq > » Rs = » Rg = ’
0.902167 -1. ky 0.902167 -1. ky 0.902167 -1. ky
1.10192 -1.05195 k; 1.10192 -1.05195 k; 1.15001 -1.10525 k;
R7 » » Rg = » Rg = }
0.902167 -1. ky 0.902167 -1. ky 0.902167 -1. k

in43s)=  %[[4]] /. Options @ runExperiment

ou435- R4 » 0.660061

n4s6- runExperiment []

out436- 0.660061
Closed loop

n4371- configureExperiment []

nusel-  buildExperiment [toPerturb - {k,, k3}, graphics - False, internals - True,
method - Inverse ]
- simplify : Simplifying Pij 10 seconds
Solving
Replacing
. simplify : Simplifying after replacing 500 seconds

Family of homographic functions with a critical limit:

In[439]:= W'ith[
{solutionl =
Echo|
Simplify @Part[solution /. Options @ runExperiment ,
detector /. Options @ runExperiment ] /. x_1y_ = monomialCollect [{k,, k3}][xly]]},
With][
{Nsolvel = Echo @only @NSolve [solutionl /. Rule - Equal, k3] /.
x_1y_ = monomialCollect [{ky}I[x/Yy],
toPlot2 = (»the critical relation %)

Echo[ks /. only @NSolve [Denominator @Last @solutionl == 0, k3]] /. ky » k2
}s
With[{toPlotl = k3 /. NSolvel /. Ry » # &/@{.55, .6, .8, 1., 2} /. k; » k2},
Show[plotBranch [, {k2, 0, .95}, 1, PlotRange - Full] &/@ Prepend [toPlotl , toPlot2],
AxesOrigin - {0, 0}, PlotRange - {{0, 1}, {0, 1}}, AspectRatio - 1]
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0.420405 - 0.40134 k; - 0.40134 k3 + 0.383139 k; k3

» Rgq >
0.856654 - 0.932655 k; - 0.932655 k3 + 1. ky k3

» {ks > (2.26657 x 10711 (8.80111 x 10°% - 8.40197 x 102 ky - 1.79339 x 10°* Ry + 1.95249 x 10> k, Ry)) /
(1.90437 x 10%2 - 1.818 x 10°% k; - 4.42548 x 10°? R4 + 4.74503 x 10°% k; Ra4)}

-0.856654 +0.932655 k;

»
-0.932655 +1. k»

Out[439)=

os| 10

0.4\ ‘(\‘6‘

Non-linearity is stronger in the critical limit (this is just a scale and window effect since all hyperbola are homothetic).

9.3. Cross section perturbations
Open loop

ni#a0-  configureExperiment [toPerturb - {Z;}]

n441-  buildExperiment [graphics - False, internals - False, method - LinearSolve ];
runExperiment []

. simplify : Simplifying Pij 10 seconds

ou441- 0.660061

inj442/=  Timing @ buildExperiment [graphics - False, internals - False, method - Inverse]

- simplify : Simplifying Pij 10 seconds
Solving
Replacing

. simplify : Simplifying after replacing 70 seconds

outa42-  {70.9324 , Null}
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In[443]:=

Out[443]=

In[444]:=

Out[444]=

In[445]:=

Out[445]=

In[447]:=

Out[447}/Short=

In[448]:=

Out[448]=

First /@ Options @ runExperiment

{toPerturb , 3,, stochasticMatrixDiagonal , observable }

ByteCount /@ Options @ runExperiment

{224, 192, 4800, 40304}

runExperiment []

0.660061

Short [, 15] &[observable /. Options @ runExperiment ]

(<455 + expM[0.0072 +0.12 5]
(-2.55669 x 1077 -2.408 x 107 XExpM1[0.12 3,] - 4.27899 x 107° xExpM1[0.12 5,]* -
3.06848 x 1071 XExpM1[0.12 5,1° - 1.00509 x 10712 «1»* - 1.34113 x 107 xExpM1[0.12 %,]° -
3.28535 x 10777 XExpM1[0.12 5,1+ 2.25513 x 107> xExpM1[0.12 %,1'))/
(2.30653 x 1077 + «<43> + expM[0.0072 + 0.12 5,](1.21191 x 107%+1.0187 x 1078 xExpM1[0.12 5]+
1.46116 x 1072 XExpM1 [0.12 5,]° + 8.25976 x 10711 xExpM1[0.12 5,]° +
«24» «1»%+2.12028 x 107 «1°+8.10897 x 10717 xExpM1[0.12 5,]° +

1.0204 x 107" xExpM1[0.12 5,]" +3.29125 x 107> xExpM1[0.12 5,]°))

observable /. Options @ runExperiment /. Options @ runExperiment

0.660061

Closed loop

in - - configureExperiment [toPerturb - {Z,, ks}]

- - Timing @buildExperiment [graphics - False, internals - False, method - Inverse]

runExperiment []

Solving

Replacing

Simplifying

our - - {127.517 , Null}

ouf - - 0.660061

n - - First /@ Options @ runExperiment

ByteCount /@ Options @ runExperiment

ouf - - {toPerturb , %,, k3, stochasticMatrixDiagonal , observable }

ouf- - {352, 192, 192, 4872, 81208}
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i - - Short [#, 15] &observable /. Options @ runExperiment ]

ouf - yshort= (< 72> + expM[0.0232 +0.12 5,]
(<125 + k3 (1.43673 x 1071% 4+ 1.63001 x 107° XExpM1[0.12 T,]+ 4.59457 x 107! xExpM1[0.12 5,]% +

4.73831 x 10712 XExpM1 [« 1]° + <24 « 17+ 2.53517 x 1072° xExpM1[0.12 3,]° -

1.10899 x 107 XxExpM1[0.12 2,]° + 3.00927 x 107>¢ xExpM1[0.12 3,]")))/

(4.17312 x 1077+ < 77> + expM[0.0232 +0.12 5,](6.73509 x 107™% + < 11> +
ks (-6.02505 x 1079 - 1.871 x 107'° XExpM1[0.12 T,]+ 1.5965 x 107 xExpM1[0.12 2, +
1.49002 x 107 XEXpML [« 55 55]° + <245 «<1» + «<23» «< 1>+ 3.64127 x 10718
XEXPML[0.12 5,]° + 1.58315 x 1072 XExpM1[0.12 %,]” + 1.50463 x 1073° xExpM1[0.12 5,1%)))

n - - kz I. Options @ runExperiment

ouf - - 0.5

n - - Clear @ k3froms2 ;
k3froms2 @s2_ :=
With[{R4 = runExperiment [l},
k3 /. FindRoot [-R4 + runExperiment [Z, » s2, k3 » k3], {k3, .5}]]

n - - Plot[k3froms2 @s2, {s2, 2.65, 5}]

0.8 -
0.6 -
outf + J= L

0.4 -~

0.2

in - - configureExperiment [toPerturb - {¥,, Z3}]
n - - Timing @buildExperiment [graphics - False, internals - False, method - Inverse]
runExperiment []
Solving
Replacing
Simplifying

Outf « J= {430.234 5 Nu'L'L}

ouf - - 0.660061
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n - - First /@ Options @ runExperiment

ByteCount /@ Options @ runExperiment

ouf - J- {toPerturb , %,, ¥3, stochasticMatrixDiagonal , observable }

ouf- - {352, 192, 192, 9640 , 1402528}

i - - Short [#, 20] &observable /. Options @ runExperiment ]

ouf - pshort- (<889 3> + expM[«21> + 0.12 ] <1 +
expM[0.0232 +0.12 5] (<< 158> + expM[«1>>] «< 1> + expM[0.0232 + 0.12 %3]
(-9.69102 x 107 - 2.75477 x 1078 XExpM1[0.12 5,]° + <135 + XExpM1[0.12 3,]
(-1.12446 x 1073 -1.20195 x 167> xExpM1[0.12 %3] - 3.04389 x 107™* xExpM1[0.12 53]° -
2.44818 x 107° XExpM1[0.12 551> - 5.84832 x 10717 xExpM1[0.12 $3]* -
1.20371 x 1073 xExpM1[0.12 23]°))))/
(4.18133 x 107" + «< 908> + expM[0.0232 + 0.12 3,](6.74833 x 107% + « 165> +
expM[0.0232 +0.12 33](1.08913 x 10712 -2.82119 x 167" xExpM1[0.12 5,]" +
«<135 + XEXpM1[0.12 5,](8.79193 x 107*% + 4.44639 x 107> xExpM1[0.12 53] -
3.84371 x 1072 XExpM1[0.12 53]° - 2.21619 x 1071° xExpM1[0.12 23)° + 1.40045 x 1077
XEXpML[0.12 53]* + 6.7477 x 1072° XExpM1[0.12 T3]° - 4.5139 x 1073° xExpM1[0.12 £3]°))))

For bisection, the constant R curve can only be obtained on a square where the function is defined everywhere.

- = runExperiment []

ouf - - 0.660061

- - runExperiment [Z, » 2.48, X3 -» 2.48]

ouf - - 37.011

- - runExperiment [Z, » 2.48, X3 » 3.61]

ouf - - 0.663205

n - 1= % > runExperiment []

ouf - - True

mn - - Clear @ s3froms2 ;
s3froms2 @s2_ :=
With[{R4 = runExperiment [},

s3 /. bisection [-R4 + runExperiment [Z, » s2, I3 - s3], {s3, 2.48, 3.61}, AccuracyGoal - 6]]
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n - - ListPlot [Table [{s2, s3froms2 @s2}, {s2, 2.5, 3.6, .1}], PlotRange - {{2.5, 3.6}, {2.5, 3.6}},

AspectRatio - 1, ImageSize - 250]

36 F
34 —
3.2 — °
v = 3.0} .

28 °

2.6

2.6 2.8 3.0 3.2 3.4 3.6

- 1= With[{min = 2.5, max = 3.6}, Plot[{s3froms2 @s2, s2}, {s2, min, max},

PlotRange - {{min, max}, {min, max}}, AspectRatio - 1, ImageSize - 230, PlotPoints - 10]]/
Timing

3.6
34|
32|
our- - {93.5421, 1
28|

2.6

n - - Clear @ s3froms2 ;
s3froms2 @s2_ :=
With[{R4 = runExperiment [},
s3 /. FindRoot [-R4 + runExperiment [Z, » s2, I3 » s3], {s3, 3}]]

n - - s3froms2 @ 3.

outf » = 3.

FindRoot is faster than bisection:
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o - With[{min = 2.5, max = 3.6}, Plot[{s3froms2 @s2, s2}, {s2, min, max},

PlotRange - {{min, max}, {min, max}}, AspectRatio - 1, ImageSize - 230]]/ Timing

3.6
3.4

3.2

o« {67.7081 -
28

26

2.6 2.8 3.0 3.2 3.4 3.6

i - - buildExperiment [graphics - False, internals - False, method - LinearSolve ]

Numeric is faster than symbolic:

n - - With[{min = 2.5, max = 3.6}, Plot[{s3froms2 @s2, s2}, {s2, min, max},
PlotRange - {{min, max}, {min, max}}, AspectRatio - 1, ImageSize - 230]] // Timing

3.6j
3.4:
3.2:
O~ = {1.83829 , 3_05
2.8:

2.6

2.6 2.8 3.0 3.2 3.4 3.6

The convexity of the graph implies that R is not constant on the line ¥, + X3 == 6, it is minimum at the symmetric point. It also
implies that a decrease of one cross section is balanced by an opposite sign and larger magnitude increase of the other. Overall,
the same amount of absorbing material is more efficient if evenly distributed. This also implies self-shielding: that the flux
decreases relatively with the local cross section. Show this numerically.

i - - configureExperiment []

- - buildExperiment [toPerturb - {¥,, Z3}, graphics - False, internals - True,

method - LinearSolve , dressing - True]

- = runExperiment []

ouf - - 0.660061

When I, increases, ®, decreases:



Inf j,Table[
With[{s3 = s3froms2 @ s2},
runExperiment [Z; » s2, X3 - s3];
Flatten @{{s2, s3}, Extract [fluxes /. Options @ reportExperiment , {{1}, {2}, {3}]}],
{s2, 2.6, 3.4, .1}] /l TableForm [, TableHeadings - {None, {Z;, I3, ®;, ®,, ®3}}] &

I I3 @, ®; D3

2.6 3.45464 365.92 31.8673 28.8111
2.7 3.32967 365.918 31.4929 29.2383
2.8 3.21275 365.917 31.1231 29.6439
2.9 3.10309 365.917 30.7578 30.0296

Out[ » }/TableForm=

3. 3. 365.917 30.397 30.397
3.1 2.90291 365.917 30.0406 30.7473
3.2 2.81131 365.917 29.6885 31.0816
3.3 2.72476 365.918 29.3407 31.4009
3.4 2.64289 365.919 28.997 31.7062

i - - Table [With[{s3 = s3froms2 @ s2},
runExperiment [£, » s2, £3 » s3];

{s2, s3}.Extract [fluxes /. Options @ reportExperiment , {{2}, {3}}]], {s2, 2.6, 3.4, .1}]

ouf - - {182.387 , 182.385 , 182.383 , 182.382 , 182.382, 182.382, 182.383, 182.384 , 182.386}

n - - ListPlot [Flatten [&#, 1] &@Table [With[{s3 = s3froms2 @s2},
runExperiment [£, » s2, £3 » s3];
{s2, #} &/@ {#1, H#2, H#1 + #2} &[s2 Part[fluxes /. Options @ reportExperiment , 2],
s3 Part[fluxes /. Options @ reportExperiment , 3]]], {s2, 2.1, 4., .1}],
AspectRatio - 1, ImageSize - 230, PlotRange - {{0, 4}, {0, 300}}]

300

200
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n - - ListPlot [Table [With[{s3 = s3froms2 @ s2},
runExperiment [Z, » s2, Z3 » s3];
{s2, s2 Part[fluxes /. Options @ reportExperiment , 2]}], {s2, 2.1, 4, .1}],
AspectRatio - 1, ImageSize - 230]
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10. Conclusions and possible extensions

The integral transport equation and the collision probability method

The integral form of the transport equation eliminates any differential operator (in some function or distribution space). This is
simple.

The collision probability method is pragmaticinsofar as it only accounts for actual events (collisions), not fluxes (although these
can be determined later on). In particular, flux is not determined in any non reactive region, exactly where it is not needed. This
agrees with the physical principle that we don't know if a particle exists until it has a collision.

Furthermore, the collision probability method eliminates by discretization any integral operator, although the integrals are
pushed into the definition of collision probabilities.

Markov eigenvalue equation

The Markov eigenvalue equation {3} applies to any Markov chain with multiplicative scattering and spontaneous source. It can
be used as a model for epidemic studies.

If all the P ; are equal (to the inverse dimension) then the Markov eigenvalue equation has a uniform solution (see subsection

3.3). This is more generally true if the transposed stochastic matrix is also stochastic, because the uniform solution is then both
right and left eigenvector.

Collision probability model

The collision probability model {15} applies to particles moving on straight lines over distances much greater than the collision
scale, like neutrons in a nuclear fission reactor or photons in a photomultiplier (and such systems may be coupled). However,

electrons rarely move on straight lines because they are sensitive to the electromagnetic field. This could work with electrons in
the same conditions as required for electronic microscopy.

If the cross section field is invariant by exchange of any two regions, then P4 == Py, and for all i = j, P45 == P1,. This might
be possible in the regular tetrahedron geometry. The P;; can be determined directly for simple shapes, see [1].

The collision probability defines a measure over space. When the target region grows, the probability increases but less than
linearly because of flux depletion: this is the (spatial) self-shielding effect, that can be studied with the model. Normally thick
regions should not be treated with the present model but just in case I have introduced a protection against non monotonous
probability inconsistency, at the cost of breaking reciprocity (which is signaled by gray background in the probability table).

Finally, with the Inverse solution method, a fully symbolic (open loop) solution is obtained, based on the four basic operations
and the exponential function. It is even readable is some cases. Even the path integrals giving the collision probabilities have
been approximated by on a single path, which is equivalent to using the Beer-Lambert- Bouguer law. (Historically, it seems that
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Pierre Bouguer missed the exponential function [4].)

Spherically symmetric configuration

Another geometry that can be obtained with spheres only is the "onion", occuring in particular in the first stages of an explo -
sion. In this case, kinetics, including flight times, and inertial effects should be represented.

Simplified kinetics for oscillation experiments

The Markov eigenvalue equation {3} has a fixed point form R == f[R] {6}. The iteration R[0] == 0, R[k + 1] == f[R[k]], k = 0 not
only is the most natural solution method (slower than LinearSolve or Inverse), but also a kinetic model on its own, that could be
used as a model for sample oscillation (periodic perturbation) experiments.

In particular, a delayed population group (as occurs for neutrons produced by nuclear fission) could be simply represented
simply with delayed iteration (from k to k+p instead of k+1).

Physical measurement

If the relation between 3,, ksis known and ks is known, then 3, can be determined from kj [5].
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